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Abstract

Given the ubiquity of streaming data, online algorithms have been widely used for parameter estima-
tion, with second-order methods particularly standing out for their efficiency and robustness. In this
paper, we study an online sketched Newton method that leverages a randomized sketching technique
to perform an approximate Newton step in each iteration, thereby eliminating the computational bot-
tleneck of second-order methods. While existing studies have established the asymptotic normality of
sketched Newton methods, a consistent estimator of the limiting covariance matrix remains an open
problem. We propose a fully online covariance matrix estimator that is constructed entirely from the
Newton iterates and requires no matrix factorization. Compared to covariance estimators for first-
order online methods, our estimator for second-order methods is batch-free. We establish the consis-
tency and convergence rate of our estimator, and coupled with asymptotic normality results, we can
then perform online statistical inference for the model parameters based on sketched Newton meth-
ods. We also discuss the extension of our estimator to constrained problems, and demonstrate its su-
perior performance on regression problems as well as benchmark problems in the CUTEst set.

1 Introduction

We consider the following stochastic optimization problem:

min F(z) = Ep[f(x; )], (1)
xR
where F : R — R is a stochastic, strongly convex objective function, f (+;€) is its noisy observation,
and £ ~ P is a random variable. Problems of form (1) appear in various decision-making applications
in statistics and data science, including online recommendation (Li et al., 2010), precision medicine
(Kosorok and Laber, 2019), energy control (Wallace and Ziemba, 2005), portfolio allocation (Fan et al.,
2012), and e-commerce (Chen et al., 2022). In these applications, (1) is often interpreted as a model
parameter estimation problem, where & denotes the model parameter and £ denotes a random data
sample. The true model parameter * = argmincpa F'(x) is the minimizer of the expected population
loss F'.
The classic offline approach to solving (1) is sample average approzimation or M-estimation, which
generates t i.i.d. samples &1, ..., & ~ P and approximates the population loss F' by the empirical loss:

Z; = argmin {ﬁt(w) = 12}0(%&)} : (2)

zcR? i=1



The statistical properties, e.g., v/t-consistency and asymptotic normality, of M-estimators Z; are well-
known in the literature (Vaart, 1998; Hastie et al., 2009), and numerous deterministic optimization
methods can be applied to solve Problem (2), such as gradient descent and Newton’s method (Boyd
and Vandenberghe, 2004). However, deterministic methods are not appealing for large datasets due to
their significant computation and memory costs. In contrast, online methods via stochastic approzi-
mation have recently attracted much attention. These methods efficiently process each sample once
received and then discard, making them well-suited for modern streaming data. Thus, it is particularly
critical to quantify the uncertainty of online methods and leverage the methods to perform online
statistical inference for model parameters.

One of the most fundamental online methods is stochastic gradient descent (SGD) (Robbins
and Monro, 1951; Kiefer and Wolfowitz, 1952), which takes the form

i1 =x — oy V(es&), t>1

There exists a long sequence of literature that quantifies the uncertainty of SGD and its many variants.
Early works established almost sure convergence and asymptotic normality results of SGD in re-
stricted settings (Sacks, 1958; Fabian, 1968; Robbins and Siegmund, 1971; Fabian, 1973; Ljung, 1977;
Ermoliev, 1983; Lai, 2003). Later on, Ruppert (1988); Polyak and Juditsky (1992) proposed averaging
SGD iterates as &; = Zﬁzl x;/t and established generic asymptotic normality results for ;. This sem-
inal asymptotic study has then been generalized to other gradient-based methods, including implicit
SGD (Toulis et al., 2014; Toulis and Airoldi, 2017), constant-stepsize SGD (Li et al., 2018; Mou et al.,
2020), moment-adjusted SGD (Liang and Su, 2019), momentum-accelerated SGD (Tang et al., 2023),
and projected SGD (Duchi and Ruan, 2021; Davis et al., 2023). Additionally, studies under non-i.i.d.
settings have also been reported (Chen et al., 2020a; Liu et al., 2023b; Li et al., 2023).

With the asymptotic normality result for the averaged iterate Z; (see (18) for the definition of 2*):

Vi@ — ) -5 N(0,09), (3)

estimating the limiting covariance matrix 2* is the crucial next step to perform online statistical infer-
ence. While some inferential procedures may bypass the need for this estimation, such as bootstrap-
ping (Fang et al., 2018; Liu et al., 2023a; Zhong et al., 2023; Lam and Wang, 2023) and random scaling
(Li et al., 2021; Lee et al., 2022), many works have focused on (3) and proposed different online covari-
ance matrix estimators for their simplicity and directness. In particular, Chen et al. (2020b) proposed
two estimators: a plug-in estimator and a batch-means estimator. Compared to the plug-in estimator,
which averages the estimated objective Hessians and then computes its inverse — resulting in signifi-
cant computational costs — the batch-means estimator is obtained simply through the SGD iterates.
Chen et al. (2020b) investigated the choice of batch sizes given a fixed total sample size, while Zhu
et al. (2021) refined that estimator by not requiring the total sample size being fixed in advance. The
two aforementioned works utilized increasing batch sizes, which has been relaxed to equal batch sizes
recently by Zhu and Dong (2021) and Singh et al. (2023). Combining the asymptotic normality with co-
variance estimation, we can then construct online confidence intervals for model parameters &* based
on SGD iterates.

Along with SGD, stochastic Newton methods multiply the gradient direction by a Hessian inverse
to incorporate the objective’s curvature information, leading to improved and more robust perfor-
mance, particularly when dealing with Hessian matrices that have eigenvalues on significantly different
scales (Byrd et al., 2016; Kovalev et al., 2019; Bercu et al., 2020). The online updating scheme takes



the form:
Tip1 = Tt + Az with BiAxy = =V f(x: &), (4)

where B; ~ V2F(x;) is an estimate of the objective Hessian. A growing body of literature focuses on
performing (online) statistical inference based on (4). Leluc and Portier (2023) considered B; as
a general preconditioning matrix and established the asymptotic normality for the last iterate x;
assuming the convergence of B;. The authors showed that x; achieves asymptotic efficiency (i.e., min-
imal covariance) when B; — V2F(z*), corresponding to online Newton methods. Bercu et al. (2020)
developed an online Newton method for logistic regression and established similar asymptotic normal-
ity for @;. Cénac et al. (2020) and Boyer and Godichon-Baggioni (2022) expanded that approach to
more general regression problems and investigated statistical inference on weighted Newton iterates
T, = 2521 x;/t. The above studies revolved around regression problems where the estimated Hessian
By can be expressed as an average of rank-one matrices, allowing its inverse B, ! to be updated online
by the Sherman-Morrison formula (Sherman and Morrison, 1950). However, computing the inverse of
a general estimated Hessian can be computationally demanding, with an O(d®) time complexity.

To address the above computational bottleneck, Na and Mahoney (2022) introduced an online
sketched Newton method that leverages a randomized sketching technique to approximately solve the
Newton system (4), without requiring the approximation error to vanish. Specifically, the time com-
plexity can be reduced to O(nnz(S)d), where S € R%*9 is the sketching matrix with ¢ < d. For
instance, when S is a sparse sketching vector, the time complexity is O(d). Na and Mahoney (2022)
quantified the uncertainty of both sampling and sketching and established the asymptotic normality
for the last iterate a; of the sketched Newton method (see (19) for the definition of =*):

1//a - (z — %) ~2 N(0,E%), (5)

where the limiting covariance =* # Q* depends on the underlying sketching distribution in a complex
manner. Due to the challenges of estimating the sketching components in =Z*, the authors proposed a
plug-in estimator for * instead. That estimator raises two major concerns. First, the plug-in estima-
tor is generally not asymptotically consistent, although the bias is controlled by the approximation er-
ror. It is only consistent when solving the Newton system exactly (so that the approximation error is
zero). The bias significantly compromises the performance of statistical inference. Second, the plug-in
estimator involves the inversion of the estimated Hessian, leading to an O(d®) time complexity that
contradicts the spirit of using sketching solvers.

Motivated by the limitations of plug-in estimators and the success of batch-means estimators in
first-order methods, we propose a novel weighted sample covariance estimator for Z*. Our estimator is
constructed entirely from the sketched Newton iterates with varying weights, and does not involve any
matrix inversion, making it computationally efficient. Additionally, our estimator has a simple re-
cursive form, aligning well with the online nature of the method. Unlike batch-means estimators in
first-order methods, our estimator is batch-free. We establish the consistency and convergence rate of
our estimator, and coupled with the asymptotic normality in (5), we can then construct asymptoti-
cally valid confidence intervals for the true model parameters * based on the Newton iterates {x;}.
The challenge in our analysis lies in quantifying multiple sources of randomness (sampling, sketching,
and adaptive stepsize introduced later); all of them affect the asymptotic behavior of online Newton
methods. We emphasize that our analysis naturally holds for degenerate designs where the Newton
systems are exactly solved and/or the stepsizes are deterministic. To our knowledge, the proposed es-
timator is the first online construction of a consistent limiting covariance matrix estimator for online



second-order methods. We demonstrate its superior empirical performance through extensive experi-
ments on regression problems and benchmark problems from the CUTEst test set.

Structure of the paper: We introduce the online sketched Newton method in Section 2, and present
assumptions and some preliminary theoretical results in Section 3. In Section 4, we introduce the
weighted sample covariance matrix estimator and present its theoretical guarantees. The numerical
experiments are provided in Section 5, followed by conclusions and future work in Section 6.

Notation: Throughout the paper, we use ||-|| to denote the ¢2 norm for vectors and the spectral norm
for matrices, ||-||r to denote the Frobenius norm for matrices, and Tr(-) to denote the trace of a matrix.
We use O(+) and o(+) to denote the big and small O notation in the usual sense. In particular, for two
positive sequences {a¢, bs }, a; = O(by) (also denoted as a; < by) if a; < ¢by for a positive constant ¢ and
all large enough ¢. Analogously, a; = o(b;) if a;/by — 0 as t — 0o. For a random variable sequence
{X:}, X¢ = Op(ay) indicates that X;/a; is stochastically bounded. For two scalars a and b, a A b=
min(a, b) and a Vb = max(a,b). We let I denote the identity matrix, 0 denote zero vector or matrix,
and e; denote the vector with i-th entry being 1 and 0 otherwise; their dimensions are clear from the
context. For a sequence of compatible matrices {A;}, [T1_, Ax = AjAj_1--- A;if j > iand Tif j <.
For a matrix A, Apin(A) (Amax(A)) represents the smallest (largest) eigenvalue of A. We also let F} =
F(x;) and F* = F(2*) (similar for VF}, V?F, etc.), and let 1 denote the indicator function.

2 Online Sketched Newton Method

At a high level, the online sketched Newton method takes the following update scheme:
L1 = @ + Ay, (6)

where Ax; approzimately solves the Newton system B;Ax; = —V f(x4; &) via the sketching solver (see
(10)) and & is an adaptive, potentially random stepsize (see (11)).

More precisely, given the current iterate x;, we randomly generate a sample & ~ P and obtain the
gradient and Hessian estimates:

gt = V f(@; &) and Hy = V2 f(2;&).
Then, we define B; to be the Hessian average using samples {&; f;é, expressed as
t—1
1 = i t—1 1
Bt _ Z Hl onhne__ug)date Bt _ Btfl + *Htfl. (7)
t = t t

In this paper, we use (+) to denote a random quantity that depends on the current sample &. Note that
the estimate H; is only used in the (¢+1)-th iteration; thus B; is deterministic conditional on z; (this
is why we do not use the notation B;). The Hessian average is widely used in Newton methods to ac-
celerate the convergence rate (Na et al., 2022). In certain problems, B; can be expressed as the sum of
rank-1 matrices, allowing its inverse to be updated online in a manner similar to (7) (Bercu et al., 2020;
Cénac et al., 2020; Boyer and Godichon-Baggioni, 2022; Leluc and Portier, 2023). However, solving
the Newton system B;Ax; = —g; for a generic stochastic function can be expensive.

We now employ the sketching solver to approximately solve BiAx; = —g;. At each inner iteration
J, we generate a sketching matrix/vector Sy ; € R¥*4 ~ S for some ¢ > 1 and solve the subproblem:

Axyjiq = argAmin |Az — Az |2, s.t. Sg;jBtAa: = —nggt. (8)
€T
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In particular, we only aim to solve the sketched Newton system Sg jBtAa: = —ng gt at the j-th inner
iteration, but we prefer the solution that is as close as possible to the current solution approximation

Ax; ;. The closed-form recursion of (8) is (Axyo = 0):
Az i1 = Az j — BtSt,j(ngBfSt7j)TS%(BtAwt,j +Gt), (9)

where (-) denotes the Moore-Penrose pseudoinverse. When we employ a sketching vector (¢ = 1), the
pseudoinverse reduces to the reciprocal, meaning that solving the Newton system is matriz-free—no
matrix factorization is needed. We refer to Strohmer and Vershynin (2008); Gower and Richtérik
(2015) for specific examples of choosing dense/sparse sketching matrices and their trade-offs.

For a deterministic integer 7, we let

Awt = A.’Btﬂ—, (10)

and then we update the iterate x; as in (6) with a potentially random stepsize &; satisfying

Br <o < B+ xe with Bt = (tjiﬁl)ﬁ and x; = (tiixl)x (11)
The motivation for using a well-controlled random stepsize is to enhance the adaptivity of the method
without compromising the asymptotic normality guarantee. Particularly, different directions may pre-
fer different stepsizes, so that @&; depends on Ax; and is random. Berahas et al. (2021, 2023); Curtis
et al. (2024) have proposed various adaptive stepsize selection schemes for Newton methods on con-
strained problems that precisely satisfy the condition in (11).

3 Assumptions and Asymptotic Normality

In this section, we introduce assumptions and present the asymptotic normality guarantee for sketched
Newton methods. Throughout the paper, we let F; = o ({&}i_,), for any ¢ > 0, be the filtration of o-
algebras generated by the sample sequence &gy, &1,&2 . . ..

3.1 Assumptions

We first impose a Lipschitz continuity condition on the objective Hessian V2 F(z), which is standard
in existing literature (Bercu et al., 2020; Cénac et al., 2020; Na and Mahoney, 2022).

Assumption 3.1. We assume F(x) is twice continuously differentiable and its Hessian V2F(z) is Y-
Lipschitz continuous. In particular, for any « and x’, we have

IV2F(x) = V2F(2')|| < Tyl — 2’

The next assumption regards the noise in stochastic gradients. We assume that the fourth condi-
tional moment of the gradient noise satisfies a growth condition. This assumption aligns with existing
literature on covariance estimation for SGD (Chen et al., 2020b; Zhu et al., 2021).

Assumption 3.2. We assume the function f(x;¢) is twice continuously differentiable with respect to
x for any &, and ||V f(x;€)| is uniformly integrable for any @. This implies E[g; | F;—1] = VF;. Fur-
thermore, there exist constants Cy 1,Cy2 > 0 such that

E[l|g: — VF* | Fie1] < Cyallas — *||* + Cy 0, vt > 0. (12)



The above growth condition is weaker than the bounded moment condition E[||gi—V Fy||* | Fi—1] <
C assumed for the plug-in estimator in Na and Mahoney (2022). In fact, the bounded fourth moment
can be relaxed to a bounded (2+¢)-moment for establishing asymptotic normality of SGD and Newton
methods, but it is widely imposed for limiting covariance estimation.

The next assumption imposes lower and upper bounds for stochastic Hessians, with a growth con-
dition on the Hessian noise.

Assumption 3.3. There exist constants T > vy > 0 such that for any ¢ and any «,
YE < Amin(V2F(@5€)) < Amax(V2f(2:€)) < T, (13)
which implies E[H; | F;_1] = V2F;. Furthermore, there exist constants Ch1,CH2 > 0 such that
E[|H - V?F" | Fio1] < Cualloy — a*|* + Cra,  VE20. (14)

The condition (13) is widely used in the literature on stochastic second-order methods (Byrd et al.,
2016; Berahas et al., 2016; Moritz et al., 2016). By the averaging structure of B, we know (13) implies

YH < )\min(Bt) < Amax(Bt) <7Tpg. (15)

Moreover, as shown in (Chen et al., 2020b, Lemma 3.1), the condition (13) together with the bounded
E[|V f(x*; ¢)|*] implies (12). The growth condition on the Hessian noise in (14) is analogous to that on
the gradient noise in (12).

We finally require the following assumption regarding the sketching distribution.

Assumption 3.4. Fort > 0, we assume the sketching matrix S ; % S satisfies E[B:S(STB?S)ST B, |
Fi—1] = vsI and E[||S]?||ST||?] < T for some constants g, Tg > 0.

The above two expectations are taken over the randomness of the sketching matrix S. The lower
bound of the projection matrix B;S(ST B?S)'ST B; is commonly required by sketching solvers to
ensure convergence (Gower and Richtarik, 2015). We trivially have yg < 1. The bounded second
moment of the condition number of S is necessary to analyze the difference between two projection ma-
trices, || ByS(ST B?S)1ST B, — B*S(ST(B*)25)1ST B*|| (Na and Mahoney, 2022, Lemma 5.2). Under
(15), both conditions easily hold for various sketching distributions, such as Gaussian sketching S ~
N(0,%) and Uniform sketching S ~ Unif({e;}%_,), where e; is the i-th canonical basis of R? (called
randomized Kaczmarz method (Strohmer and Vershynin, 2008)).

3.2 Almost sure convergence and asymptotic normality

We review the almost sure convergence and asymptotic normality of the sketched Newton method as
established in (Na and Mahoney, 2022, Theorems 4.7 and 5.6). We emphasize that our growth condi-
tions on the gradient and Hessian noises are weaker than those assumed in Na and Mahoney (2022),
and by a sharper analysis, our assumption on x; is relaxed from x > 1to x > 0.5(8+1). We show that
all their results still hold, with proofs deferred to Appendix D for completeness.

Theorem 3.5 (Almost sure convergence). Consider the iteration scheme (6). Suppose Assumptions
3.1 — 3.4 hold, the number of sketches satisfies 7 > log(vg /4T i)/ log p with p = 1 —~g, and the step-
size parameters satisfy 8 € (0.5,1], x > 0.5(8+1), and cg, ¢, > 0. Then, we have x; = x* ast — oo
almost surely.



To present the normality result, we need to introduce some additional notation. Let B* = V2F(x*).
iid

For Si,...,5; ~ S, we define the product of T projection matrices as
C* =[] - B*S;(S(B*)*S;)1S] BY) (16)
j=1

and let C* = E[é’*] Then, we denote the eigenvalue decomposition of I — C* as
I-Cc*=UxU"  with ¥ =diag(oy,...,0q). (17)

We also define
O = (B 'E[Vf(a* )V (25 6))(BY) (18)

With the above notation, we have the following normality guarantee for the scheme (6).

Theorem 3.6 (Asymptotic normality). Suppose Assumptions 3.1 — 3.4 hold, the number of sketches
satisfies 7 > log(vy /4Y 1r)/ log p with p = 1—~g, and the stepsize parameters satisfy 5 € (0.5, 1], x >
1.54, and cg > 1/{1.5(1 — p7)} for § = 1. Then, we have

V1 — ) —% N(0,2),

where Z* is the solution to the following Lyapunov equation:
1eg— | ~ ~
({1 - {5—1}} I- C*> =* 4 Z* <{1 - {5—1}} j C*) —E[(I-CH* (I -CHT].  (19)
2¢p 2¢cs
In fact, the limiting covariance =* has an explicit form as:

1

= = U(0 o UTE[(I — CHON(I — CHTWUVUT  with [O); = ,
( [( ) )" 1U) O]k or F o~ Loy /os

(20)

where o denotes the matrix Hadamard product. There exists a degenerate case. When the Newton sys-
tems are exactly solved (7 = 00), then C* = C* =0, X = I, and Z* = */(2 — 1431} /cg). In this
case, we have =% = Q*/2 for § € (0.5,1) and Z* = Q* for § = cg = 1. For the latter setup, we know
=* = Q* achieves the asymptotic minimax lower bound (Duchi and Ruan, 2021).

4 Online Covariance Matrix Estimation

In this section, we build upon the results in Section 3 and construct an online estimator for the limiting
covariance matrix =Z*. With the covariance estimator, we are then able to perform online statistical in-
ference, such as constructing asymptotically valid confidence intervals for model parameters.

4.1 Weighted sample covariance estimator

Let ¢r = B¢+ x¢/2 be the centered stepsize. Our weighted sample covariance estimator is defined as

[

| =

+ =

t
1 _ _ . 1
Z (@i — @) (i — iBt)T with Ty = 7 Z; L. (21)
1=

i— Pi-1



Algorithm 1 Construction of Weighted Sample Covariance Estimator

1: Input: initial iterate x, positive sequences {3, x:}, an integer 7 > 0, By = I;
2: Initialize: Wy =0 € R vg=2y=0€R?% ag=0
3: fort=0,1,2,... do
4: Obtain the sketched Newton iterate x;+1 and let ¢y = By + x¢/2;
5: Update the quantities as:
t 1/ T t 1/t
Wiz = —W; + T 1Ty, Vit = Vi + ——— Tpiq;
w1 = o G+ D) t+1T¢ 11 t+1 t+1t+t+1 t+1
_ t _ t 1/S0t
Tiy1=——T +——x = —
LS t+t+1 t+1, ag41 t+1at+t+1’
6: end for
7: Output: Covariance estimator Z; = Wy — vta_r:tT — a_f:t'vtT + atcit:EtT.

This estimator can be rewritten as

~

= T  ~.T =T
B =Wy — vy — xv; + Ty,

where

Wt = %Z 1 $Z'$ZT, UV = %Z 1 x;, ay = %Z 1 (22)

i Pi-l oy Pi-1 iy Piml

We mention that Wy, v, &, a; can all be updated recursively, meaning that ét can be computed in
a fully online fashion. The detailed steps are shown in Algorithm 1.

We note that the estimator ét is in a similar flavor to batch-means covariance estimators designed
for first-order online methods. In particular, Chen et al. (2020b); Zhu et al. (2021) grouped SGD iter-
ates into multiple batches and estimated the covariance Q* in (3) by computing the sample covariance
among batches. However, a significant difference from those batch-means estimators is that our estima-
tor ét is batch-free. Specifically, batch-means estimators rely on additional batch size sequences that
must satisfy certain conditions and largely affect both the theoretical and empirical performance of the
estimators. In contrast, we assign proper weights to the iterates based on the stepsizes, eliminating the
need to tune any extra parameters beyond those required by the online method itself. That being said,
we observe that the memory and computational complexities of inference based on sketched Newton
methods are comparable to those of first-order methods. The memory complexity is dominated by
storing B; and W, incurring a cost of O(d?), independent of the sample size t. The computational
complexity includes O(7-nnz(S)d) flops for computing the sketched Newton direction and O(d?) flops
for updating Z;. For instance, when S ~ Unif({e;}&,), Na and Mahoney (2022) showed 7 = O(d),
suggesting that the overall computational complexity of sketched Newton inference is O(d?). This
order precisely matches the complexity in Chen et al. (2020b); Zhu et al. (2021).

Remark 4.1. We compare gt with the plug-in estimator proposed in Na and Mahoney (2022). Due to
significant challenges in estimating sketch-related quantities in (19), Na and Mahoney (2022) simply
neglected all those quantities and estimated €2*/(2—13_1}/cg) instead. Their plug-in estimator is de-
fined as:
g-_ 1 -B_1<1Zt:‘-‘T>B‘1 (23)
=t= 5T 1{,6’:1}/65 t m £ 9i9; t -



Comparing Et with ét, we clearly see that Et is not matrix-free as it involves the inverse of By (i.e., O(d®)
flops), which contradicts the spirit of using sketching solvers. Furthermore, = is a biased estimator of
=*, leading to invalid confidence coverage even as t — o0.

4.2 Convergence rate of the estimator

To establish the convergence rate of ét, we first present a preparation result that provides error bounds
for the Newton iterate «; and the averaged Hessian B;. We show that the fourth moments of ||x;—a*||
and || B; — B*|| scale as O(S2+x#/8%). When x; > B}, the error x# /3¢ incurred by the adaptivity of
stepsize dominates. In contrast, when x; < 3}, adaptive stepsizes lead only to a higher-order error. A
matching error bound (for the iterate x;) has been established for SGD methods with x; = 0 (Chen
et al., 2020b). That said, our analysis is more involved due to higher-order methods, sketching com-
ponents, and randomness in stepsizes.

Lemma 4.2 (Error bounds of x; and B;). Suppose Assumptions 3.1 — 3.4 hold, the number of sketches
satisfies 7 > log(vy /4 )/ log p with p = 1 — g, and the stepsize parameters satisfy 8 € (0,1), x >
B, and cg,c, > 0. Then, we have

4 4
Blles - S8+ %5 wa BB B S 64 A
t t

With the above lemma, we show the convergence rate of ét in the following theorem.

Theorem 4.3. Under the conditions in Lemma 4.2, except for strengthening y > S to x > 1.50,
the covariance estimator Z; defined in (21) satisfies

E[H: :*H} < \/E—i-xt/ﬂtl"r’ for 0 < B8 <0.5,
“ VB + /B for 05< B <1

Since v/BtVxt/Bt® — 0 and t8; — oo ast — oo (because x > 1.53), Theorem 4.3 states that =, is
an (asymptotically) consistent estimator of Z*. Note that x > 1.5 is already required by the asymp-
totic normality guarantee (cf. Theorem 3.6). Similar to Lemma 4.2, x > 23 (i.e., x; < 4?) makes the
adaptivity error x;/3:-% higher order.

When we suppress the sketching solver, the limiting covariance Z* = Q* /2, meaning that 2§t isa
consistent estimator of Q*. Notably, this result suggests that we can estimate the optimal covariance
matrix Q* without grouping the iterates, computing the batch means, and tuning batch size sequences,
which significantly differs and simplifies the estimation procedure in first-order methods. This advan-
tage is indeed achieved by leveraging Hessian estimates; however, we preserve the computation and
memory costs as low as those of first-order methods. We defer a comprehensive discussion of Theorem
4.3 to Section 4.3.

Theorem 4.3 immediately implies the following corollary, which demonstrates the construction of
confidence intervals/regions.

Corollary 4.4. Let us set the coverage probability as 1 — ¢ with ¢ € (0,1). Consider performing the
online scheme (6) and computing the covariance estimator (21). Suppose Assumptions 3.1 — 3.4 hold,
the number of sketches satisfies 7 > log(yg /4T i)/ log p with p = 1 —-yg, and the stepsize parameters
satisfy 8 € (0.5,1), x > 1.54, and cg,c, > 0. Then, we have

Px*e&y —1—¢q as t— oo,



where &, = {x € R : (z — :L't)Tét_l(m —x) /o < X3 1_q)- Furthermore, for any direction w € RY,

P (wTw* c [wT:ct + 212\ Gt ngtw]> —1—gq as t— oo.

Here, Xi,l—q is the (1—¢)-quantile of X?l distribution, while z,_ /5 is the (1—g/2)-quantile of standard
Gaussian distribution.

We would like to emphasize that the above statistical inference procedure is fully online and matrix-
free. In particular, ; is updated with online nature; for confidence intervals, w” Z;w is computed on-
line as introduced in Section 4.1; for confidence region, =, ! can also be updated online:

~ t+1~ t+1~ ~ -1 ~
=_1 =—1 =—1 T—=—1 T=-1
T Bt 775 s Rt (Ht + Rt il Rt) Rt =,

where R; = (’Ut — QT4 Ty — Tip41; Loyl — Zf)t+1) € R¥3 and II; = (at, 1,0;1,0,0;0,0, tQOt) € R3*3. See
Appendix A for the derivation of the above recursion.

4.3 Comparison and generalization of existing studies

In this section, we first compare our weighted sample covariance estimator it with other existing co-
variance estimators for both first- and second-order online methods. Then, we discuss the general-
ization of our estimator to other methods.

e Plug-in estimator of online sketched Newton. Recall from Remark 4.1 that, due to the chal-
lenges of estimating sketch-related quantities C* and C* in (19), a recent work Na and Mahoney
(2022) simply neglected these quantities and designed a plug-in covariance estimator Z; in (23). In ad-
dition to concerns about excessive computation, (Na and Mahoney, 2022, Theorem 5.8) indicated that

for g € (0.5,1), N
1Z¢ — E*[| = O(v/ Bt log(1/B:)) + O((1 — v5)7).

Here, the second term accounts for the oversight in estimating sketch-related quantities. It decays ex-
ponentially with the sketching steps 7 but does not vanish for any finite 7. Thus, Et is not a consistent
estimator of Z*. In the degenerate case where the Newton systems are solved exactly (7 = o0), Z, con-
verges to =* at a rate of O(y/ ¢ log(1/5:)), which is faster than that of our estimator Z,. In this case,
choosing between ét and Z; involves a trade-off between faster convergence and computational effi-
ciency. It is worth noting that the faster convergence of the plug-in estimator is anticipated (see Chen
et al. (2020Db) for a comparison of plug-in and batch-means estimators in SGD methods), since its con-
vergence rate is fully tied to that of the iterates. In contrast, the convergence rate of our sample covari-
ance is additionally confined by the slow decay of correlations among the iterates.

e Batch-means estimator of SGD. As introduced in Section 4.1, Chen et al. (2020b); Zhu et al.
(2021) grouped SGD iterates into batches and estimated the limiting covariance Q* by the sample co-
variance among batches (each batch mean is treated as one sample). Singh et al. (2023) further relaxed
their conditions from increasing batch sizes to equal batch sizes. Compared to this type of estimators,
our estimator ét is batch-free, requiring no additional parameters beyond those of the algorithm itself.
Furthermore, the aforementioned works all showed that the convergence rate of the batch-means esti-
mators is O(1/+v/¢B;), which is slower than that of =, in Theorem 4.3. Intuitively, the batch-means es-
timators require a long batch of iterates to obtain a single sample, while our batch-free estimator treats
each individual iterate as a single sample, making it more efficient in utilizing (correlated) iterates.
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e Generalization to conditioned SGD. We point out that ét can also serve as a consistent covari-
ance estimator for conditioned SGD methods, which follow the update form (4) though B; may not ap-
proximate the objective Hessian V2F;. Leluc and Portier (2023) established asymptotic normality for
conditioned SGD methods under the assumption of convergence of the conditioning matrix B;. These
methods include AdaGrad (Duchi et al., 2011), RMSProp (Tieleman, 2012), and quasi-Newton meth-
ods (Byrd et al., 2016) as special cases. Notably, Theorem 4.3 does not requireB; to converge to the
true Hessian V2F(2*), making our analysis directly applicable to conditioned SGD methods.

e Generalization to sketched Sequential Quadratic Programming. We consider a constrained
stochastic optimization problem:

min F(x) = Ep[f(x;§)] s.t. c(x)=0,

xcRd
where I : R? — R is a stochastic objective with f(-;£) as the noisy observation, and ¢ : R* — R™ im-
poses deterministic constraints on the model parameters . Such problems appear widely in statistical
machine learning, including constrained M-estimation and algorithmic fairness. Na and Mahoney
(2022) designed an online sketched Sequential Quadratic Programming (SQP) method for solving the
problem. Define £(x, A) = F(x)+AT ¢(x) as the Lagrangian function, where A € R™ are the dual vari-
ables. The sketched SQP method can be regarded as applying the sketched Newton method to L£(x, ),
leading to the update (xs41, A¢r1) = (24, A¢) + @t (Axy, AN), where (Axy, AX;) is the sketched so-
lution to the primal-dual Newton system:

(Bt G?) (Awt> L <Vm£t>

Gt 0 A)\t Ct ’

Here, analogous to (4), By ~ V2L, is an estimate of the Lagrangian Hessian with respect to @, G; =
Ve, € R™*4 ig the constraints Jacobian, and V£ = VF(x; &) + GtT)\t is the estimate of the La-
grangian gradient with respect to . Na and Mahoney (2022) established asymptotic normality for the
SQP iterate (x¢, A¢). We observe that the constraints are not essential in the SQP analysis; therefore,
our construction of it is naturally applied to the covariance estimation of the sketched SQP method.

«

An empirical demonstration of Z; for constrained problems is presented in Section 5.3

5 Numerical Experiment

In this section, we demonstrate the empirical performance of the weighted sample covariance matrix
ét on both regression problems and benchmark CUTEst problems (Gould et al., 2014). We compare ét
with two other online covariance estimators: the plug-in estimator =, in (23) (based on sketched New-
ton) and the batch-means estimator =; (based on SGD) (Zhu et al., 2021, Algorithm 2). We evaluate
the performance of each estimator by both the (relative) covariance estimation error and the coverage
rate of constructed confidence intervals. We defer some implementation details and results to Ap-
pendix F due to the space limit.

5.1 Linear regression

We consider the linear regression model:
& =E&iat +e,
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where € = (£4,&) € R x R is the feature-response vector and & ~ A(0,0?) is the Gaussian noise.
For this model, we use the squared loss defined as f(x;&) = %(&)—ﬁgm)Q. In our experiment, we apply
Gaussian features &, ~ N (0, X,) with different dimensions and covariance matrix ¥,. In particular, we
vary d € {20,40, 60,100}, and for each d, we consider three types of covariance matrices. (i) Identity
matrix: 3, = I. (i) Toeplitz matrix: [%,];; = rI"~7 with r € {0.4,0.5,0.6}. (iii) Equi-correlation ma-
trix: [Ea]” =1 and [X,];; = r for i # j, with r € {0.1,0.2,0.3}. The true model parameter is set
as x* = (1/d,...,1/d)T € R% This simulation setting follows directly from existing studies (Chen
et al., 2020b; Zhu et al., 2021; Na and Mahoney, 2022).

For the batch-means estimator =, we adopt the setup in Zhu et al. (2021) by setting the stepsize of
SGDas By =t=7/2 and the batch size as a,, = |m2/(=8) | (in their notation) with 8 = 0.505. For both
the plug-in estimator =; and our sample covariance estimator Et, we implement sketched Newton meth-
ods with varying sketching steps 7 € {10, 20,40, 00}. When 7 = 0o, the scheme reduces to standard
Newton method. We perform the Kaczmarz method, where the sketching distribution in (9) is S ~
Unif({e;}&,) (cf. Section 3.1). We let B =t and &; ~ Unif[B, B; + 37]. For all estimators, we ini-
tialize the method at oy = 0, run 2 x 10° iterations, and aim to construct confidence intervals for the
averaged parameters Zle x}/d. All the results are averaged over 200 independent runs.

Our results are summarized in Table 1. From the table 1, we observe that, in most cases, the
empirical coverage rate of the confidence interval based on ft is approximately 95%. In contrast,
confidence interval based on Z; shows a tendency for undercoverage, which is probably due to the
slower convergence of =; than =;. Moreover, =; works well under the cases where it is an unbiased
estimator (X, = I or 7 = 00), but the coverage rate falls under 95% in other scenarios. This
shows that the bias greatly compromises the performance of confidence intervals. Comprehensive
exploration of varying r is reported in Appendix F.1.

To further visualize the table, we use the case of Topelitz 3, with r = 0.5 under d = 5 as an
example, plotting the trajectories of the average covariance estimation error and empirical coverage
rate. The plots are presented in Figure 1. It is important to note that, under the same parameter
setting, the limiting covariance =* is different for ASGD and the sketched Newton methods with
varying 7. To ensure a fair comparison, we evaluate the relative error ||Z; — Z*||/||Z*||. From the
first row of plots, we see that the absolute value of the slope of the green lines exceeds (1 —0.505)/2,
which aligns with the theoretical upper bound established in Theorem 4.3. The plug-in estimator
exhibits rapid convergence; however, its bias is evident in the sketched Newton plot. Furthermore,
we note Z; converges slower than ét, consistent with the theoretical results. Additionally, we observe
oscillations in the estimation error of Z;, corresponding to the batching process, which is undesirable
as increasing the sample size does not always guarantee a reduction in estimation error. This is
because the limited sample size in a newly created batch introduces errors. The second row of plots
demonstrates that =; performs well in statistical inference for model parameters.

5.2 Logistic regression

Next, we consider the logistic regression model:

exp(§ - €a )

P(& | &) = 14 & -exp(& - €La™)

with & e {—1,1}.

For this model, we use the log loss defined as f(a; &) = log (1+exp(—& - £X'x)). We follow the same
experimental setup as in the linear regression model in Section 5.1.
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Sketched Newton
Ya Dim ASGD T =00 7=10 T=20 T =40

=t =1 =t =t =t =t =t =t =t

20 89.50 | 95.00 95.50 | 95.50 96.00 | 95.50 94.50 | 96.00 95.50
40 86.00 | 97.00 96.50 | 96.00 95.50 | 94.50 94.50 | 94.00 92.50
60 87.50 | 95.00 95.00 | 94.50 93.50 | 96.50 95.00 | 95.50 95.00
100 | 92.00 | 100.0 100.0 | 95.00 93.00 | 95.00 91.50 | 95.50 95.50
20 90.00 | 96.00 96.50 | 89.50 95.50 | 94.00 97.00 | 90.50 96.00
40 88.50 | 94.50 94.50 | 94.00 97.00 | 89.00 96.00 | 90.00 96.50
60 91.00 | 96.00 96.00 | 91.00 97.00 | 85.00 97.00 | 87.00 93.50
100 | 90.50 | 100.0 100.0 | 92.50 97.50 | 86.50 94.50 | 88.50 93.50
20 91.50 | 96.00 96.50 | 82.50 94.50 | 84.00 96.00 | 89.50 96.00
40 88.50 | 98.00 98.50 | 71.00 92.50 | 74.50 94.00 | 79.50 98.00
60 86.00 | 97.00 96.00 | 70.00 96.00 | 75.00 94.50 | 77.00 96.00
100 | 83.50 | 100.0 100.0 | 71.00 95.50 | 70.00 96.00 | 68.50 93.50

Identity

Toeplitz r = 0.5

Equi-corr r = 0.2

Table 1: The empirical coverage rate (%) for linear regression at confidence level 95%.

ASGD Exact Newton (7= o) Sketched Newton (7= 2)
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2 2 2
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1150 1.75 12.00 12.25 12.50 1150 1.75 12.00 12.25 12.50 1150 175 12,00 12.25 12.50
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ASGD Exact Newton (7= o) Sketched Newton (7= 2)

10 10 10

0.9
08

06

04

0.2

average coverage rate
average coverage rate

average coverage rate

0.0

. .
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———— E;: batch-means ——  EZ; plug-in ————— =, weighted sample covariance
95% —— —— 90%

Figure 1: The average relative covariance estimation error and empirical coverage rate (%). The
first row displays the relative error for three methods: ASGD, exact Newton, and sketched Newton
(from left to right). For ASGD, the batch-means estimator = is used, while for both Newton methods,
the plug-in estimator Z; and the weighted sample covariance matriz =; are compared. The second
row similarly presents the empirical coverage rate across various settings for these methods. The
plots reflect the consistency of ét and demonstrate its superior performance in statistical inference.
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Our results are summarized in Table 2 and Figure 2, where we observe similar patterns as in
the linear regression case. The performance of ét in logistic regression further demonstrates the
effectiveness and reliability of our estimator across different settings. A detailed comparison under
more comprehensive settings can be found in Appendix F.1.

Sketched Newton
Ya Dim ASGD T =00 7=10 7 =20 7 =140

=t =t =t =t =N Zt =t =t =it

20 85.00 | 96.50 96.00 | 97.00 97.00 | 93.50 93.50 | 97.50 97.00
40 84.00 | 95.00 94.00 | 96.50 94.00 | 97.50 96.00 | 97.00 96.50
60 83.50 | 95.00 95.00 | 95.00 95.00 | 93.00 91.50 | 93.50 93.00
100 | 83.50 | 94.00 94.50 | 95.00 92.00 | 96.00 93.00 | 96.00 95.00
20 85.50 | 95.00 95.00 | 90.50 96.00 | 94.50 97.00 | 95.00 96.50
40 85.50 | 93.50 93.50 | 89.50 96.00 | 93.00 95.50 | 90.00 94.00
60 88.00 | 94.50 94.00 | 93.00 95.50 | 87.50 93.50 | 91.00 96.00
100 | 85.00 | 93.00 93.00 | 93.00 96.00 | 89.00 93.50 | 92.00 95.50
20 87.50 | 96.50 96.00 | 85.50 96.00 | 89.00 95.00 | 92.50 96.50
40 86.00 | 96.00 95.00 | 81.50 92.50 | 86.50 97.00 | 84.50 95.50
60 85.00 | 93.50 93.50 | 79.00 94.00 | 80.00 97.50 | 79.00 95.50
100 | 76.00 | 96.50 96.00 | 74.00 92.50 | 77.00 92.50 | 73.00 94.50

Identity

Toeplitz r = 0.5

Equi-corr » = 0.2

Table 2: The empirical coverage rate (%) for logistic regression at confidence level 95%.

ASGD Exact Newton (7= o) Sketched Newton (7= 2)
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Figure 2: The average relative covariance estimation error and empirical coverage rate (%). See
Figure 1 for interpretation.
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Problem :02 = 1: ZQ = 10;1 o: = 10;2 22 = 10;4

=t =t =t =t =t =t =t =t
HS48 | 2.080 0.221 [ 2.080 0.231 | 2.077 0.241 | 2.081 0.245
HS78 | 1.913 0.290 | 1.913 0.291 | 1.911 0.279 | 1.911 0.270
HS7 | 0.113 0.099 [ 0.070 0.095 | 0.070 0.102 | 0.069 0.102
MARATOS | 0.132 0.096 | 0.093 0.091 | 0.089 0.089 | 0.087 0.083

Table 3: The average covariance estimation error for CUTEst problems.

5.3 CUTESst

In this section, we explore the empirical performance of ét in constrained optimization, as discussed in
Section 4.3. We perform four equality-constrained problems from the CUTEst test set: HS7, MARATOS,
HS48, and HS78 (Gould et al., 2014). Due to the presence of constraints, SGD is not applicable, so we
compare Z; and =; only. For each problem and at each iteration, the CUTEst package provides true
evaluations of the function, gradient, and Hessian. With those quantities, we generate our estimates by
letting g; ~ N(VFy, 02(I+117)) and [Hy; ; = [Hyji ~ N([V2F; j,0?). We vary the sampling vari-
ance 02 from o € {1074,1072,107%,1} and set 7 = 5. The other parameters are set as in Section 5.1,
while the problem initialization is provided by the CUTESst package. The true solution is computed us-
ing the IPOPT solver (Wichter and Biegler, 2005).

The results are summarized in Table 3. In the previous subsections, we have demonstrated
the consistency of ét leads to its superior performance in statistical inference. For simplicity, we
report only the covariance estimation error here. The results show that the estimation error of ét is
consistently small across all settings, showing its robustness to noise levels. In contrast, =; performs
well as an estimator for problems HS7 and MARATOS, where the bias is small; however, for problems
HS48 and HS78, where the bias is more evident, the estimation error of =Z; is significantly larger.
The plots of the trajectory of estimation error are provided in Appendix F.2.

6 Conclusion and Future Work

In this paper, we designed a limiting covariance matrix estimator for sketched stochastic Newton meth-
ods. Our estimator is fully online and constructed entirely from the Newton iterates. We established the
consistency and convergence rate of the estimator. Compared to plug-in estimators for second-order
methods, our estimator is asymptotically consistent and more computationally efficient, requiring no
matrix factorization. Compared to batch-means estimators for first-order methods, our estimator is
batch-free and exhibits faster convergence. Based on our study, we can then construct asymptotically
valid confidence intervals/regions for the model parameters using sketched Newton methods. We also
discussed the generalization of our estimator to constrained stochastic problems. Extensive experi-
ments on regression problems demonstrate the superior performance of our estimator.

For future research, it would be of interest to explore the lower bound for the online covariance esti-
mation problem, as it provides insights into the statistical efficiency of our weighted sample covariance.
Additionally, constructing difference test statistics with different asymptotic distributions based on
(sketched) Newton iterates could be promising. In particular, although the normality achieved by New-
ton methods is asymptotically minimax optimal (Na and Mahoney, 2022), recent studies have ob-
served that confidence intervals constructed using other test statistics, such as ¢-statistics (Zhu et al.,
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2024) and their variants (Lee et al., 2022; Luo et al., 2022; Chen et al., 2024), may exhibit better cover-
age rates in some problems due to the absence of further covariance estimation. Lastly, performing in-
ference based on Newton methods in non-asymptotic and high-dimensional settings, where the prob-
lem dimension grows with the sample size, would also be an interesting direction.
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A Online Update of ét_l

We introduce how to online update ét_ ! for constructing the confidence region in Corollary 4.4. By the
definition of Z; in (21), we have

t+1

z ey 1 LI o T
Sl = P ;(pi_l(ibz $t+1)(wz $t+1)
t
1 1 _ _ o /e _ NS
= — T; — Tt41 )T — T + Tt — L1 )( X1 — Tpaq
t+1i:190i—1(1 t+1) (T — ®i41) t+1( t+ t+1)(Ter t+1)
¢ ¢
t 1 1 1 1
= (7> — @ —2)(xi—@)" + - (@; — &) (& — Ty41)"
t+1<t;w—1 ’ ' t;%’—1 ’

t

T EZ 1 (@ — @) (i — ®)" + %Z 1 (@ — @yy1) (20 — it+1)T>

L= i1 — Pi-1
1
+ t{’_@i(a:t—&-l — &41)(®py1 — Beg1)”
22) t (= Y T - - \T
“ i1 S+ (v — @) (B — Tpg1)” + (B — Tig1) (v — )’ + a(Br — Tog1) (T — Tig1)
1
+ t{:pi (Trr1 — Bpor) (@11 — Eey1) "
Let us define two matrices Ry € R%3 and A, € R3*3 ag
0 1 0
Ry = (v — @45 Bt — Ty 15 o1 — Tpy1) Ae=11 a4 0
0 0 1/(ter)

Then, we have

[11)

t N
- (= RART>.
41 t+1<t+ t A\ vy

Thus, by Sherman—Morrison-Woodbury formula, we obtain

t+1ay t+1o- _ e~ B
=1 =Ry (At '+ RI'Z; 1Rt> RIZ1,

~
=-1
=

t+1 t =t

B Preparation Lemmas

We introduce some preparation lemmas regarding the stepsize sequences and the update direction.
Lemma B.1 (Na and Mahoney (2022), Lemma B.1). Suppose {y;}; is a positive sequence that sat-
isfies lim (1 — @;—1/¢;) = ¢. Then, for any p > 0, we have lim i (1 —¢?_ /o¥) =p- .

1— 00 71— 00

Lemma B.2 (Na and Mahoney (2022), Lemma B.3(a)). Let {¢i}i,{¢i}i, {0i}: be three positive
sequences. Suppose’

lim i (1 — ¢i—1/¢i) = ¢ <0, lim ¢; =0, lim ip; =@ (B.1)
1—00 11— 00

1—00

'In fact, ¢ < 0 is only required by Lemma B.3(b) in Na and Mahoney (2022), and the statements in Lemma B.3(a)
hold for any constant ¢.
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for a constant ¢ and a (possibly infinite) constant ¢ € (0, 00]. For any [ > 1, if we further have

l
> ok+9/3>0, (B.2)
k=1

then the following results hold as t — oc:

Lo
: Z IT II0 - wjon)eids — —; ! -, (B.3)

L =0 j=it1 k=1 D k=10 T &/
Lt b t 1
¢{ H H(l — QoK) Pidia; +b- H H(l — gojak)} — 0, (B.4)
tNG=0 j=it1 k=1 §=0 k=1

where the second result holds for any constant b and any sequence {a;}; such that a; — 0.

Lemma B.3. Suppose {¢;}; and {o;}; are two positive sequences, and {¢;}; satisfies lim; ,~, i(1 —
¢i—1/¢i) = ¢ < 0 for a constant ¢. Let ¢; = c,/(i+1)? +0(1/(i+1)¥) for constants ¢, > 0 and ¢ €
(0,1). For any | > 1, we have

(90157 pE (0705)7
tot 1 ¢/ c? >
1 1 0.5 — ——"— |, ©=0.5,
2 I II0=wmee =5l s (ol
i=0 j k=1 =
10) 1
—_— € (0.5,1).
\ (Zi@:l O-k)Q tSOt

Lemma B.4. Suppose {¢;}i, {®i}i, {oi}i be three positive sequences that satisfy the assumptions in
Lemma B.2. Let {n; }; be a positive sequence such that lim; ,o 7;/¢; = 1. Forany [ > 1, if 22:1 or/2+
¢/ > 0, then we have

t l t t l
ITIT = moel+ > T T1 1 - miowleidi S = ! ~ - Pt

i=0 k=1 =0 j=i+1 k=1 dk=10k/2+ /¢

Lemma B.5. For the ¢-th iteration, let us define two sketching matrices

Crj =1~ (BiSi;(St;B}S:;) SEBy) and  Cy =[] Cuy, (B.5)

and we also let C; = E[Cy | Fi—_1]. Then, under Assumptions 3.2 and 3.4, the following results hold (re-
call that C* is defined in (16)):

(a) We have Az, = (I — C~'t)A:13t =—(I—- @)Bt‘lgt for any ¢ > 0.

(b) We have E[Ax; | Fi_1] = —(I — Cy)B; 'V F, for any t > 0.

(c) We have ||Cy|| < p” for any ¢t > 0 with p =1 — vg. When &; — «*, we also have ||C*|| < p".
(d) When x; — x*, we have (1 —p")I < I —-C* < I.
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C Proofs of Preparation Lemmas

C.1 Proof of Lemma B.3

We note that (B.1) is satisfied with & = oo and (B.2) holds as Y3t _, o + ¢/@ = St _, 0% > 0. Thus,
Lemma B.2 holds and its proof (Na and Mahoney, 2022, (C.1)) suggests the following decomposition

1 . . l ) 1 t 1 1
PRI R CRERES S ee 101 (R G o

=0 j=i1+1 k=1 j=1k=1

! : 1 bi1 T
- EZ II IIa —‘PjUk)ﬁbi{SOi - = (1— ; k];[lu—%gk))} = I+II. (C1)

i=1 j=i+1k=1 D k=1 0k

We first calculate the rate of the term in the curly bracket in 7. We note that

l

l l l
10— wio) = 1= oni +05{ (3 aw)* = (Y- 0?) bk + (),
k=1 k=1 k=1

k=1
i1

| —p 14 ( ! )
=1—09- o )
O 1+1 1+1

Thus, the rate of the multiplication of these two terms is

1
1-— Zak% + 0. 5{ g'k)z — (Zgi)}cpf + o(t,of)7 ¢ € (0,0.5),
=1 k=1
) ! 1
¢;5,1 H(l — o) = I—Zok% {O 5{ o) Zak - —}cpl +o(p?), ©=05, (C.2)
bok=1 =1
I—ZU l—i—o( ! ) ¢ €(0.5,1)
LT TN o

Let us first consider the case ¢ € (0.5,1). We plug the above display above into I7 in (C.1) and get

bi i
IT=- ¢t2 11 H (1= wjon)¢ {(¢+1)<pi+0<(z’+1)w)}'

Zk 10k i=1 j=i+1 k=1

We note that

o pi—1/(ipi-1) L bii1 . Pi 1/ (ipi-1)
ilggz(l—M)z}g&z(l_ ¢i1_|_ ¢i1(1—1/((ifl)1(pi)>>:¢+<,0—1<0,

so we can apply Lemma B.2 and derive

: 1 ! NP (B3
tlif& ¢t/((t+ 1)%&) Z H H(l — ‘P]Uk)QOz e = ZZ_ )
. 1 d : | ¢\ (BA)
S e/ ((t+ 1py) Z . [[( = gion)e 0(@ n 1)%-) =0
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Combining the two displays, we have |II| < — For the term [ in (C.1), we have

6 1
(Choror)?  (EHLee”

. 1 (B.4)
lim —— (1- g0 - ) .
=00 gy ( t+1 )¢t) l}f:[ 7o) %(% 22101)

This indicates |I| = o(1/(t + 1)¢¢). Combining the rates of |I| and |/I| with (C.1), we complete the
proof for the case ¢ € (0.5,1). For the case ¢ = 0.5, we know from (C.2) and (C.1) that

17— 05{(22:1 Uk) (Zk 1 Uk)} ¢/C Z H H 1 — QoK Sozd)z {901 + 0(901)}

Zk:lak’ i=1 j=i+1 k=1

Following the same analysis as above and applying Lemma B.2, we obtain

2
|II| S 0.5{(22210—’6) l_ (22;102)}—(?/638% < (05_?/632) .
(ZkZI %) (Zkzl o)

We also have || = o(¢¢) and, hence, complete the proof for the case ¢ = 0.5. The proof for the case
¢ € (0,0.5) can be done similarly by noting that

. 2 1 o t t l
17— 05{(2/@:1 Ukl) (Zk:l k 1 Z H H 1 — pjok @Z(ﬁz {901—1-0(901)}

Zk:l Tk ti=1 j=i+1k=1

We complete the proof.

C.2 Proof of Lemma B.4

Since limy_y00 M/t = 1 and limy_, ¢ = 0, there exists a fixed integer t such that for any ¢ > t and
1 <k <, wehaven > ¢;/2 and 0 < 1 — o < 1 — @01 /2. Define a sequence {qbt}toitll as follows:

t—2 -1

b1 = ot |1 H|1—77]0k|%¢“ t=1—1,

1=0 j=1+1 k=1
¢t7 tZ;

With the above sequence, we use the techniques in (Na and Mahoney, 2022, (E.19)) and rewrite the
following series as

t t l t t ! t—2 ot l
SIT T —miowleiti = > 11 T —miowleisi+>_ TT 111t — miowleisi

1=0 j=1+1 k=1 i=t—1J=t+1k=1 1=0 j=1+1 k=1
t t l t—2 -1
=> 11 Hll—makl%qﬁﬂrﬂﬂll—makl > T1 H|1_77]0'k:|90@<l5z
i=t—1J=t+1k=1 j= —t k=1 =0 j=i+1 k=1
t t l

t t !
= 11— miorleidi < > T[T 1] - eion/2)eidi

i=t—1J=i+1 k=1 i=t—1J=i+1k=1
(B.3) 1

<
S Ok/2+ 6/F

© Pt
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Additionally, we know

-1 1

f[ ﬁ 11— niok| = H H 11— miowl - [T T 1t — miowl

i=0 k=1 =T k=1 i=0 k=1
-1 1

HH 1—ior/2) - HHU—WTM ( t)-

i=t k= i=0 k=1
We complete the proof.
C.3 Proof of Lemma B.5
Recalling B;Ax; = —g;, we subtract Az, from both sides of (9) and obtain
A$t7j+1 - AZIJt = (I - BtSt,j(SZjB?St,j)TSZjBt)(Amt,j - ACL’t) = 6t,j(Awt,j - A.’L‘t)

Since Az, = 0, we complete the proof of (a). By the independence between sketching and sampling
and the unbiasedness of g in Assumption 3.2, we complete the proof of (b). (c) can be found in
Lemma 4.4 and Corollary 5.4 in Na and Mahoney (2022). (d) is an immediate result from (c) by
observing that C* = 0.

D Proofs of Section 3.2

To ease the presentation, we assume throughout the proof and without loss of generality that all upper
bound constants in the assumptions Y7, Y, Y, Cy1,Cg2,Cr,1,Cr2 > 1, and the lower bound con-
stant 0 < v < 1. The range of these constants is not crucial to the analysis; all results still hold by
replacing v by vy A 1 (similar for other constants).

D.1 Proof of Theorem 3.5
By Assumption 3.3, |[V2F(x)|| < Tx. Applying Taylor’s expansion, we have

Foq — F*

Ty
< F— F*+a;VE Az + —a 2| Az, ||?
_ I 7l = T A — T X _ T A L 9 2
= Ft F + OétE[VFt AQZt ‘ ]:t,ﬂ + (67 VFt AZEt ]E[VFt A$t | ]:t,1] + 9 OétHA:Bt” (D 1)
Then, we take expectation on both sides conditioning on F;_; and obtain
E[Fi1 — F* | Fia] < By — F* + E[@EVE Aay | Fia] | Fioa

~ ~ T B
v E[o‘zt{VFtTAxt _E[VFI Az, | }“t_l]} | ft_l} + S E[a Az |? | Fia]. (D2)
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For the second term on the right hand side, we apply Assumption 3.3, Lemma B.5(b, c), and have

E|aE[VFT Az, | Fioi] \ft_l} = VEI(I - Ct)B;IVFt-E[at yft_l}

IN

(_ TlHHthHQ 4 iHVFt”Q) .E|:5&t | ftfl}

3
< MHBtIIVFtHZ (by p” <vu /4Ty and By < ay). (D.3)

For the third term in (D.2), we note IE[VFtTAmt —~E[VFf Az, | Fi 1] | .Ft_l] = 0. Thus, we have
(recall vr = B + x¢/2)

E[o’zt{VFtTA:nt _E[VFI Az, | Ft_l]} | ft_l} = E[(a — o) VEL (Ax, — E[Axy | Fia)) | Fia]
< YIVRIE|| Az ~ Ed: | Forll| | Fia] (o la: - 1] < x/2). (D4)
By Lemma B.5(a, b, ¢), we obtain
|Az; — E[Az, | Foa]|| = ||[(I - C) B g — (I - Cy) B 'VE|
fwa—émwﬁmww+u—QMEWMrvmW?jﬂww+jﬂ%—ww.

Thus, applying Assumption 3.2, we obtain

o4 o1/
A A 2 9,1 * 9,2
E[HA% —E[Az; | Fii]]l | ft_l} < Z|VE| + |z, — z*|| + —22
YH YH YH
1/4 1/4
<—ZL|VE+—22 (byCpu>1),  (D5)
TH VH

where the last inequality also uses the property of strong convexity of F'(x) (Nesterov, 2018)
JH

2
Combining (D.4) and (D.5), we get

1
|z, — 2*||> < F, — F* < G IVE|?. (D.6)

1/4 1/4

_ T A T A 209 1 2 Cg 2
E[Ozt{VFt Acct — E[VFt A.’Bt ‘ th—l]} | Ft—l] S 27 XtHVFtH + — XtHVFtH
Y YH
1/4 1/2
2 1 THC 2
< g’l Xt||VFtH2 + ,Bt||VFtH2 + ——= 92 Xt (by Young’s inequality). (D.7)
YH 4Ty Y Bt

Let n, = Bt + x¢- We apply Lemma B.5(a) and bound the last term in (D.2) by
E[a}|Aze|® | For] <E[aZ( + ColPP B *1gel|* | Fer]
8 _
< it (IVEIP +Eflg - VEI? | Fia])
H

1/2 1/2

8C
< — PR IVEIP + —3%nf (by Assumption 3.2).  (D.8)
YH TH
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We plug (D.3), (D.7), and (D.8) into (D.2), and obtain

E[Fiy1 — F* | Fi-1]

1 2clt 8ruC? ATCYE /32
= Iy Mg Bt 'Y%-I Xt PY%[ Un H t” '7125{ 3, un
Since B; = c/(t +1)? with 8 € (0.5,1] and x; = ¢,/(t + 1)X with x > 0.5(8+ 1) > 3, there exists a

. 20 /4 8YHC? 1
fixed integer ty such that 7%’ Xt + o Loy < s By for all t > tg. Thus, for t > tg, we have

1 4THC 2
E[Fj41 — F* | Fio1) < Fy — F* — BtHVFtHz +— (Xt + 773) .

4T g ’Y%{ Bt

Note that Zfito X?/B < oo and Z;’ito n <S>, . 32 +Z§ito X? < o0o. Thus, we apply the Robbins-
Siegmund Theorem (Duflo, 2013, Theorem 1.3.12) and conclude that F; — F™* converges to a finite ran-
dom variable, and »7;2, 6 [VE,||* < oo almost surely. Furthermore, we have lim inf,_.o | VF|| = 0
due to Ztoito B = 0o, which leads to liminf,_, (F; — F*) = 0 according to (D.6). Since F; — F* con-
verges almost surely, the conclusion can be strengthened to limy_, o, F;—F* = 0. Again, we apply (D.6)
and obtain lim;_, ., @ = «* almost surely. This completes the proof.

D.2 Proof of Theorem 3.6

The proof of asymptotic normality is almost identical to the proof of Theorem 5.6 in Na and Mahoney
(2022). Since x > 1.58 = x > 0.5(58 + 1), we have &; — a* almost surely, as proved in Theorem 3.5.
Therefore, we only have to note that our growth conditions in Assumptions 3.2 and 3.3 on gradients
and Hessians do not affect the proof of normality (though they affect the proof of convergence), since
the term ||; — «*|| in the growth conditions converges to 0 almost surely.

E Proofs of Section 4.2

To clear up tedious constants, we assume 1 = B+ x: < 1, Vt > 0, without loss of generality for the re-
mainder of this paper. Note that this condition is non-essential, since 17, — 0 and the condition will al-
ways hold for sufficiently large, fixed .

E.1 Proof of Lemma 4.2

We separate the proof into two parts.

Part 1: Bound of E[||z; — z*||*]. We take square on both sides of (D.1) and take expectation con-
ditioning on F;_1, then we get

E[(Fip1 — F*)? | Fio1] < (B — F*)? + E[2a4(F, — F*)VF Az, | Fooa] +E[@i Y g(F — FY)||Azy||? | Foi]

_ _ _ 1 _
+E[af(VFI Azy)? | Foioi] + E[@ Y uVE Azy||Axy|? | Fen] + ZE[@?T%HA%H‘* | Fi1]. (E.D)

We rearrange these terms by the order of &; and analyze them one by one.
e Term 1: E[th(Ft - F*)VFtTAa:t ‘ -Ft—l]-
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This term can be decomposed as
E[26/(F, — F*)VF{ Awy | Fia] = 2F, — F*)E|aEVE] Ay | Fioa] | Fioa
4 2(F, — F))E [@t{VFtTAmt _E|VFT Az, | ]—"t_l]} | ft_l} .
For the first term on the right hand side, by (D.3) and (D.6), we have

3 « 3 x
B F—F)|VE|? < -2 B,(F,—F*)2 (E.2)
QTH TH

2(Ft—F*)E[@tE[VFtTAa;t | Fooi] yft_l} <
For the second term on the right hand side, (D.4) and (D.5) give us

2(F; — F*)E[at{VFtTAwt _E[VFIAz, | }"t_l]} | ft_l}

5 1/4 1/4
< XelFy— FVEN (VA + T2 g — 2+ 22
YH
a2, ol 2f'r1/201/4
< __H_ /2 2 YT H g4 _*\3/2
= g (TH + 71/2 >Xt(Ft F)+ P xt(Fy — F7)
4T/ 1/2 091/14 YH s 350, Xt
< Xt + =0 | (F; — F*)*+ —=—== .2 (Young’s inequality).(E.3
YH ( 1/2> ET o, )V ) VT 3 ( ) )

Here, the second inequality is due to (D.6) and the following Y g-Lipschitz continuity property of
VF(x) (Nesterov, 2018):

T
o IVEI? < Fi— P < P e — 2 (E4)

o Term 2: E[a?Y y(F, — F*)||Axy||? + a2 (VFL Axy)? | Fi_1).
Since ay < n¢, we bound this term by
E[ &Yy (Fy — F*)||Azy|* + af (VF Azy)? | Fioa] <iiE[(Tu(F — F*) + [[VEI?) Az |* | Foi]
(E.4) _ 973 -

< BYHnE[(Fy — FY)|[Azy|? | Fia] < T(ﬁt +xe)(Fy — F*)? + ﬁnf’E[HAth | Fi1](E.5)
where the last inequality is by Young’s inequality.
e Term 3: E[ &} Yy VF! Axy||Axy|? | Fi_1].
Similarly, we use Young’s inequality, apply (E.4), and have

B[ &Y pVF Axi||Azy|* | Foa) < YRE|[VE[| Az | Foi]

1 373 (B.4) 373 .
< 177?||VFt||4 T ME[|Az|[* | Froa] < THni(F, — F*)? + THW?E[||A%H4 | Fi—1].(E.6)

Substituting (E.2), (E.3), (E.5), and (E.6) into (E.1), we obtain

1/4

2vH VH 41%2 12 Cga 9 3 2
E[(Fyy1 — F*)? | Fia] < (1— THﬁt—l-QTHXt-F - < 1/2)Xt+TH77t)(Ft_F )
TH
34T?{Cg,2 X? 6T§1 3 4
7 + nE[|Az||* | Fi1]  (by ne < 1).

'Y;{ 51;
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Following the analysis in (D.8), we apply Assumption 3.2 and have

27
E[|Az* | Fii] < TE[HgtII | Fioa] < v — (Elllge — VF* | Foa] + IVF*)
H
(E.4) 2972 27C, 27C
< T E - P = - =
TH T H
(D. >29T2 29C, 1 27C
S (F F*) 9, (F F*) 4972
29 ’r2 2 27
Y YH

Combining the above two displays and taking full expectation, we obtain the recursion:
E[(Fi41 — F*)?]

1/4
2vH 4T e Gy 2205 (Y + Con/VH) s
< K
< ( 5t 2T Xt + P (T + 1/2 )Xt +

E[(F; — F*)?]
TH 7H )
3 T‘;’{ngﬁ 210'1“?[’{09,2 3

L B} Ny

We apply the above inequality recursively until (F— F*)? and then apply Lemma B.4 to compute the
rate of E[(F; — F*)?]. We first verify the assumptions. Since x; = o(;) by x > 3, we know

4T1/2 n__,1 9 Mt 21273 (2 4 C 2
Bi — Car <2Yn Xi + ( H/ wffz)XrF 1 L 9’1”’”77?
1

) 2vH o Y3
lim =

Since 5 € (0, 1), we have lim;_,, i3; = 0o and (B.2) holds naturally. Furthermore, since lim;_, . 7(1—

Bi—1/Bi) = —p and lim;_,0 9(1 — xi—1/Xi) = —X, we obtain from Lemma B.1 that lim; ;o i(1 —
Bt 1/BY) = —4B and lim; 00 i(1 — 7?1 /X}) = —4x. Thus, we have
4 4 4 4
L X'1//8i1> L ( Xi1 | Xia 1/B8i4
hmz(l—z =lim:(1-— + 1-— =4(8—x) <0,
i—o00 X}/ B} i—o00 X3 X3 1/64
3 3
: . : 1/8:_
'limi(l—mé/ﬁll) = hmi(l—mgl +mgl {1— /b 1}) =243 <0.
1—00 ni /Bz 11— 00 ’I’]Z 171' 1/,31

This suggests that (B.1) also holds. Now, we apply Lemma B.4 and obtain

Log29 1 . 1 Yy [(Y%C, 4o Tric 3
Mmrwuﬂ<2mw%wwﬂ<-H(ffﬂ-M+ Hgﬂﬂﬁ (E.7)

~ vk Moy \ vy B vy B

_ 092 L YhCor xi Xi
N Bt 10 vy /Bt
’YH TH By 575

Part 2: Bound of E[|B; — B*||*]. By the construction of By in (7), we have

t—1
E(||B: - B*|'] SE {Hi > (Hi - V°F)
=0

1=

Jorfigin-vef]
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For the first term, we note that H; — V2F; is a martingale difference sequence and (14) implies

_ _ (14)
B[l - 2E|L) SEL|A - V2R|"] 'S Cuallwe ] + Cus

Therefore, same as in (Chen et al., 2020b, (63)), we apply (Rio, 2008, Theorem 2.1) and obtain
t—1 — t—1 2
1 4 1 1 _ 1/2
E[th( ] [th ]< ﬁ{ (B = 7Rl ]
=0 =0
-1

< L(T e lm— 2] 7) + t4(ZC}/,§)2

=0
t—1 t—1
(E<.7) l (T%C_(]’QCHJ (1 25)2 N THC 2CH1 (1 Z X22>2> N Ch2
~ K3 .
t? Vir b= i t < 5 t?

We only consider the case where x < 1.583, otherwise x7/8? = o(3;) and all x7/3? terms in the fol-
lowing can be absorbed into 8;. We note that

t—1 t—1 t—1 t—1 :

1 (B.3) 1 1 X2 (B.3) 1 2

=N Bi= 2B+ 1--)=8 < and - No< 0 E.9
tgﬁ 60 ;]Hrl( ) 1_5& ti:oﬁi2 1=2(x - ﬁ) g 5

where we are able to apply Lemma B.2 since the condition (B.2) is satisfied by § < 1 and x <
1.58 = 2x — 28 < 1. Thus, we combine the above two displays and have

1 (w( Z@)Q M( Z;;) )Z()(t%) and E[Hi:zé(Hi_szi) 4} < Ct22'
(E.10)

For the second term on the right hand side in (E.8), the T 1-Lipschitz continuity of V2F(x) leads to

{th (V2F: = VA7) >
=0

J=El X ivn -] < fE[(guwi—mw)“]

oy 4
= Tf( (Elllz: — m*H4])1/4) (by Holder’s inequality)
=0

4 4
( ) T4 T%CQQ 261/2 n TiT%{Cg,Q t 1 Xi
V}lqo /Bt

[y

2\

(E.9) T4T jxe T476.C :
< —LoHTetgr %092% (by1—3/2>1/2 and 1-—(x—p3)>1/2). (E.11)
ol TH Bi

Plugging (E.10) and (E.11) into (E.8), we have

YAYL O, o A6, A X
B B* L H 9, /8 L~ H e AL E.12
B[ I < s 210 51 B + 5t (E.12)

This completes the proof.
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E.2 Analysis of a dominant term in ét

In this section, we focus on a dominant term of Et and show that the dominate term converges to the
limiting covariance matrix =*. We first introduce a decomposition of the iterate ;.

Lemma E.1. (Na and Mahoney, 2022, Lemma 5.1) The iterate sequence (6) can be decomposed as

i1 —x =Ty +Toy + I3y, (E.13)
where
t ot .
L=, [[ I-¢(I-C"} i, (E.14)
i=0 j=i+1
t ot B
Tow=) [I {1-¢i1 = O} (ai - i) Aay, (E.15)
i=0 j=i+1
t t t ,
Ty = [[{T— ol ~C) @o—a) + 3 [[ {1— oI Cyeidl,  (E16)
i=0 i=0 j=i+1
and

C* = (I —E[B*S(ST(B")*8)1 5" B*])", (E.17)
0' = Ax; — E[Aw; | Fi1] = —(I — C))B g: + (I — C)) By 'V E, (E.18)
8= —(I-C){(B) ' +{B ' — (B '} VF} + (C; — C*)(z; — z¥), (E.19)
W' = VF; — B*(x; — x¥). (E.20)
Here, 77 ; includes the summation of martingale difference sequence; Zo; characterizes the influ-

ence of the adaptive stepsize; and Z3; encompasses all remaining errors. Based on (E.13), we de-
compose the following matrix as

1 L1l
Z (i — x*)(x; — )T = Z Z . — T i L1 (E.21)

i1 Pi-1 =1 1=1 " i=0 ¥i

| =

We study the dominant term % Zﬁ;é éIMIf ; in this section and defer the analysis on the remaining
terms to Appendix E.3. The next lemma shows consistency of the dominant term and establishes the

convergence rate, with proof provided in Appendix E.2.1.

Lemma E.2. Suppose Assumptions 3.1 — 3.4 hold, the number of sketches satisfies 7 > log(vr /4Y i)/ log p
with p = 1 —1g, and the stepsize parameters satisfy 5 € (0,1), x > 3, and cg, ¢, > 0. Then, we have

)

t—1
E[leg“ Tz } S{mw/ﬁt, 8€(0,0.5)
1/\/tB + xt/Bi, B € (05,1).

i=0 Tt
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E.2.1 Proof of Lemma E.2
We define

Cir ;=1 — (B*Sk;(S{;(B)?Sk;)'SL;B*) and  Cj=]]Ci; (E.22)
Jj=1

where S}, ; is the same sketching matrix in C~’k’j at (B.5). It is easy to verify EC} = C* with C* defined
in (E.17). We also define

0F = —(I - C;)(B*) "'V f(x*;&) and 6% = 6F — 6" (E.23)

Basically, 6% and 6 share the same randomness but 6" is constructed at z* instead of i, which
means we use the iid copies {6*}, to approximate the martingale difference sequence {6*},. We de-
compose I ; as

Tii=> [[ -l -t +> [ (I-al—C)}ob" =T+ Th,;.  (E.24)
k=0I1=k+1 k=01l=k+1

Intuitively, as @; converges to x*, ZN’-LZ' should be a good approximation to Z; ; and fl,i should be neg-

ligible. The next two lemma provide bounds for Z; ; and Z; ;, respectively. The proofs are provided in
Appendices E.2.2 and E.2.3.

Lemma E.3. Under the assumptions of Lemma E.2; we have

1 =l 1~ =T /8t7 /8 S (07 1/3]7
SNT 27, I el <
E[H t ZZ; o L } ~ {1/@, B e (1/3,1).

Lemma E.4. Under the assumptions of Lemma E.2, we have
t—1
1 1~ -~
E H* N 1T
|: t 1=0 Pi o

By the decomposition (E.24), we have

18301 =S
{35 Lt =] <=l 5 2075, -=
t =0 . t =0 ¥i

1t—11 N X2
<Y —E[ITll”] £ 8+ 55
| < i3 e s he

|

=1 t—1
1 1~ =~ 1 1~ ~
+E[HZIMIE } +2E[HZL,Z»11T1. } (E.25)
bz i ’ t i i ’
We apply Hélder’s inequality twice to the last term and obtain
-1 t—1
1 1~ -~ 1 1 .~ ~
EH— — T I\ <ESY T Tl T
[ P 2 || <B|7 2 Il Il
= =1 t—1 t—1
1 1 = 1 1~ 1 1~ 1 1~
SE - 7:[1.2 _ 71‘2§ - RN 2= CR]IT 2. E.26
t§%n il t%(piu Ll t;% 12,4 t;% 1Zil2. (E.26)
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Given Lemmas E.3 and E.4, it suffices to bound %Zf;é éEHfM‘P We have

E[|IZ1,il1?] =y > kP [ekl < H {I—o,(I-C"} > ( H {I-op,(I- C*)})§k2]
k‘l,k‘g—o lhi=k1+1 =ko+1
_ZSDkE{H H {I—g-cC* }okH ] Z‘Pk H 1T = i1 — C*)||*E[||6"]|2]
I=k+1 =0  I=k+1
SZ H (1— (1 - p)"0) GRE[16%]1%], (E.27)
k=01Il=k+1

where the second equality uses the fact that {HNk}k are mean zero and independent, and the last in-
equality uses the fact ¢y < n; <1 (cf. Appendix 4.2) and Lemma B.5(d). Note that ¢; < 1 is not es-
sential; given ¢y — 0, we can apply Lemma B.4 to derive the same results without this condition. Next,
we bound the moment of ||@*||. We note for m = 2,4 and any k > 0,

E[IVf(* &)™) SE[IVS (25 &) — VI (@r &)™) + E[IVS(@r: &) — VE™] + E[IVE, — VF*|™]
SYHE[|Jer — 25 ||™] + Cm/4 E[l|le, — «*|™] + Cm/4 + THE |||, — 2*||™] (Assumptions 3.2, 3.3)
st (E[lz, —a*|™] = o(1) by Lemma 4.2). (E.28)

Then, by (15) and Lemma B.5(c), we have for m = 2,4

nk|m (E.23) Ak ||m *\—1m * m 2" * m (E:28) C;n2/4
E[I6%™] < E[II - C*™IB)H™IV(@a)™] < ZE[IV(@5a)l™] S 2
YH TH
(E.29)
Plugging (E.29) into (E.27), we get
1 t—1 1 - 1 t—1 1 ] ~
72 —E[IZl’] ;Zfz [T (- (= )R 16 )
i=0 7t i=0 P k=01=kt1
01/2 1 o2
Z Z H (1= (1= )e)e} S 25—, (E30)
b k=01=k+1 (L= p7)

J/

—0.5/(1—p™) by Lemma B.2

where the last inequality uses the fact that lim;_ s Zf;é a;/t = a if limy_,o, a; = a. Combining (E.26),
(E.30), and Lemma E.4 (particularly (E.40) in the proof), we derive

crol? 1 r/24
[H Z I“ “] Ty ((1— VB + —y L5 .Xf>

~ (- p7) B)1/2 Y21 =2y — B2 B
with a constant Cz > 0 defined later in (E.39). Finally, combining Lemma E.3 ((E.38) in the proof),
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Lemma E.4 ((E.40) in the proof), and (E.25), we have

|

1 1
E H’ I
(=

CMAL/2 L2 /4 1/21
9.2 Y% H Yg,2 {x<1.58} Xt Xt
92 0 /B + fzo(\/ﬁ_s-f), B € (0,0.5),
v —pr) V" vi/Q(l—pT) Be t .09
cYAoL/? max(lIA o2 /204 1/21
SR T TN e LR R
yu(1—p7) ca(l—p7) Yo (1= p7) B Bt
1/2 ~1/4 ~1/2
max(||AHF, 1/2/,YH) ' 1 N TH/ Cg,/z C / l{x<1 58} ) Xt _ ( 1 &) 6 c (0 5 1)
- Vi R e ape O\ .
(E.31)

where A = E[(I — C*)*(I — C*)T]. This completes the proof.

E.2.2 Proof of Lemma E.3
By the eigenvalue decomposition I — C* = UXUT with ¥ = diag(o1, ..., 04) in (17), we have

Iu—z H {I— oI - C*)}hpib* = UZ H {I — o }orUT 6%, (E.32)

k=01=k+1 k=0Il=k+1

Let Q; = UTfU and T' = UTAU with A = E[( — C*)Q*(I — C*)T]. Recalling the expression of Z* in
(20), we get

1 t—1 1~ ~
E H* ~ 7, 77
(3=t

=R 18201 L o
=] <[l 5 o -oorl] <x[l; T foer -0t

t—1
1 1 ~ ~ 2
E [H t ZZ_% @Qigg - 0o FHF} (by Holder’s inequality).
We perform bias-variance decomposition on this term:

[H Z QIQT GOFH] 2 [( Z QZpQZ,q )2} — I +1I, (E.33)

with
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and éi,p and éi,q represent the p-th and ¢-th elements in Q,. We first look at I1. By (E.32), we get

t—1 t—1 i i
1 1 ~ < 1 1
E[g Z *.Q%PQW} =7 Z o Z Z H (1 —oppn,):
im0 ¥ i=0 ¥ k=0 k=0 L=k +1
IT a- UW&)@M%E[(UTgklngTU)pyq]-
lo=ko+1
Given the definition of 6% in (E.23) and the independence among {8%};, it is observed that
E[UT6"6* U] =0for ky £k,  and  E[UT6"6*TU] =T.

Thus, combining the above two displays leads to

1 t—]. 1 . _ 1 t—]. 1 ’i i
E[Z > *,Qi,sz‘,Q] Tty (1= open)(1 = 0021) T
i— Tt i=0 P! k=0 1=kt1

We plug the above display into the term /T and apply Lemma B.3 to bound it. For g € (0.5, 1), we have

d t—1 % 7 2
1 1
=3 ($2230 TT 0= (= o - 0,4)) 2,
p.a=1 i=0 7' k=01=k+1

d t—1 d
sy (L Ay e (L L Ly
Npqzl (op +09)% i—0 i/ P pa=1 (op+0g)? 1—(1-=05) tp/ P17

2 1 A7 1

< Tl < A% (by Lemma B.5(d) and x: = o(5:)). (E.34)

~ (1 _p’T)4 tQ(P? ~ (1 _pT)4 t26t2

Applying Lemma B.3 for 5 € (0,0.5) and 5 = 0.5, we similarly obtain

2 42 BIE N2 v o a0
Now we deal with the term I. By (E.32), we expand I as
d 1 t—1 1 1 i1 12 71 i1 72 72
I= Z o) Z oo o Z Z H (I—oper,) H (I—oqer;) H (I=0ppi,) H (I—0oqn)
pa=1" i1ia=0 " T2 k0 kg k=0 Li=ha +1 U=k, +1 lo=ko+1 1=k 11

Phey Pr!, Phey P, {E [(UTékl gk’ U)M (U7 gk’ U)M} —E [(UTékl ok U) } E [(UTgkz oFs" U)M] } .

p.q

It is noteworthy that the term in the curly braces is nonzero only when the indices k1, k1, k2, k% are pair-
wise identical. Thus, we decompose [ into four terms Iy, I, I3, I by classifying the indices.

e Term 1: ky =k} = ko = Kb,
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Summing over all the indices under this case, we get

t—1 t—1 11A\i2 i1

n=3 S T (- o) - o)

i1=0i=0 7" Y12 k20 1,25
12

[T - open)1 - aq%wi{E[(UT(?’“ékTU>§,q} - (E[(UT@“’;’“TUM ) }

lo=k+1
TR i SR VA ! i T 2
<5y > T 0-0-me)? J] (- 0-en)eiE[ Y 0786 V)] |.
i1=0i,=0 ¥ Piz 125 Zii lo=k+1 pq

Here, the equality holds because 1 — o, > 0 for any 1 < k < d and ¢t > 0 following the same dis-

cussion as in (E.27). By (E.29), we know
T gk k™ 17)2 0k |14 Cy2
E[ > (U766 v)) | —E[16]") < 7%.

P

Due to the symmetry between the indices i; and i, |I1| can be further bounded by

-1 i1 i1 ia io B
n<ay =Y — [ 0-0-mery T[T 0-0- e 'eEe)]

=0 Pi =0 Pi2 1,20 k=0 l1=k+1

5(,9?2/(1—/)7') by Lemma B.2

C.o 12 & A C. o 1
ST 25— 5) — (1= (1= p)ew)%e, S 72— -
7;1{(1 _ pT) 2 Z ©; Z H 2 12 ,7%1(1 _ pT)2 t

11=0 “n i2=01ly=19+1

—0.5/(1—p7) by Lemma B.2

e Term 2: kl = k’l,k‘g = k‘é,]ﬁ 7'5 kz.
We note that

E|(UToReM ), (UTeR0% D), | ~E|[(UTeme  U), [E[(UT8R0"U), | for ki # k.

p, p.q p.q p,q

This indicates that Io = 0.

e Term 3: ky = ko, k| = K, k1 # K.
In this case, it is observed that

E|(UTome ), |E|(078404 D), | =0,

pq

Thus, we have

1 t—1 t—1 1 1 11 \i2 71 2
13| < tjz 277 Z H (1= =p"en) H (1_(1_,07)9012)‘Pi1'
11=012=0 SD“ SOZ2 k1=01l1=k1+1 lo=k1+1
i1 A\1i2 i1 12 ~ ) N 9
> I a-a-pey) TI a-0=en)E] S (UT8):(UT8%)2].
K =0,k1 K, U =k! +1 1=K/ +1 P

36



Since k; # kj, we have

_ . . -, (E.29) C
B[S0 (U78)2(0784)2] =E[Igh PR8N < Ce2

P.q H

By the symmetry of the indices i; and iy, we can further bound |I3| by

CEFDSES SE | KRR, {Z 0 a-0-mare )%

i — ¥ L i5=0 0 iz l=ig+1 =01l;=ki+1 TH

S¢ig/(1=pT) by Lemma B.2

54(59_2,)7)27512212 [T a-a-pe’e

i1=0 Pix i9=01=ig+1

—0.5/(1—p™) by Lemma B.2

Cy2 1 1 Cy2 Cy2 1
< 92 . - 75— i1+ 1)° 7-—. (E.36)
V(L —pm)? t 2 on e (L—pT) IZO SAa- P i

e Term 4: ]{71 = ]{Z/Q,kg = kll,kl 75 kg.
In this case, we have
E|(vTohe ), |E[(0Te"e ), | <o
P P
The analysis of 14 is almost identical to I3, only with the expectation term being replaced by
ZE[(UTé’ﬂé’ﬁTU) (UT6k2 6% 1) } Zr — |IDJ% = [|A|2 when ki # k.
X

Therefore, we conclude that
o< AR 1
Y (A=pT)R B

Combining the analyses of four terms, we obtain

4
max(AI%, Coo/rly) 1
10<N L < : R E.37
n< Y1 ey i (E37)

Plugging (E.34), (E.35), and (E.37) into to (E.33), we have

IAllFBe = O(Bt), B € (0,1/3),
E

max(|[All . Co% /%)
maX<||A||Fa (1 ) )Btzo(ﬁt)’ B=1/3 (E.38)

14
T FT %
|li S 222

cL/2

max(|AIr, O3 1
(1 _ pT)3/2 ’ m - 0(1/\/7%)7 B e (1/3, 1).

We complete the proof.
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E.2.3 Proof of Lemma E.4
We present the following lemma to bound 0% defined in (E.23), with proof deferred to Appendix E.2.4.

Lemma E.5. Under the assumptions of Lemma E.2; we have

2 2 1/2

~ T . =Y sC .
E[16"?] < —ZE[|zx — z*|?] + ——5 22 E[| By — B*|%].
Yir Y

This lemma indicates that the difference between the martingale difference 0" and its approxima-
tion @ vanishes. Combining Lemma E.5 with (E.7) and (E.12) in the proof of Lemma 4.2, we get

1/2 2 2 ~1/2

. Ty x ‘ 12,0 2YsY2C
E[||6%? ,§CA<ﬂ + ’f) with Csz= ———2= max (1%, — 2 9= ), E.39
[116%11°] o\t A 25 (H 72 ) (E.39)

Recall the expression of fl,i in (E.24). Since {ék}k is a martingale difference sequence, we follow the
analysis in (E.27) and (E.30), and obtain

1 t—1
;z [FEErS O 3 IT (- 0 B8
0

zO Y k=01=k+1

I 1«71 2 2 Tels 11 i T QSDiX%
SCo--> — > I = =pe)eife+ '*Z* (1—-p"e) =25
el 2w et H Ui i e B
<Bi/(1—p7) by Lemma B.2 S(x2/B2)/(1—p™) by Lemma B.2
(E.9) C; TuCsl 2 X2
< - 0 By + H TG {x<1.56} . % = <,3t + > (E.40)
(1=p")A=8)"  yu(l-p")A-2(x—8)) B B

We complete the proof.

E.2.4 Proof of Lemma E.5
We expand 6% based on its definition in (E.23) as
6" = 0" — 6" = (I~ ) B, 'VF — (I = Ci) B, 'V f (@i &) + (I = CR)(B*) 'V f (" &).
Then, we can bound ||(9’“||2 as
16% (1> S 11T = Gl B P IV ERIP + 1 = CrlPIB PNV S (s &) — VF (25 )1
+ (T = C)B " = (1= CO)(B) PV (=% &)|* = T+ 1T + I11.

For the first two terms, by Assumption 3.3 and Lemma B.5(c), we get

1% 12

Ell] S —ZE[|zx —«*|?] and  E[I] S LZE[|zr — «*|*]. (E.41)

’YH Vu

Regarding the term I11, we have
I(I = Cr) Byt = (1= CR)(B*) M2 < 1L = CullPIB M IPI(BY) P B — B2
_ ~ ~ 1 1, ~ =
+ (B HPICE = Cill? £ — 1Bk = B*I* + — [ICx — Ci|1*.
TH TH
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Then, we apply the tower property of conditional expectation to bound E[I1I] by first conditioning
on Fi_1, and have

E[I11] § E[E[(WHHBIC “BIP 218k~ GEIP) IV (€)1 | fHH

= B (1B~ BIPE(IVS @ )1 | Fica] ]| + 5 B[E(IC: = Gl | A JBIV 5601 | Fo]

H ir
(B.28) 1/22 1/22 SO
S E[||Br — B*|*] + E[||Cx — CEI1?]. (E.42)
YH T

Here, the second equality is due to o(||By — B*||) € Fx—1 and the independence between { and the
sketching matrices {Sk ;}7_,. Plugging in the definition of Cj, (B.5) and C’k (E.22), we have

_ _ T—1 » T7—1 B T—2 _ T—2 _
1Cx = Cill = || TT €xs = TT G| < | TT &5 - T G5
Jj=0 Jj=0 Jj=0 j=0

7—1
<) Hck,j —Chy
=0

Applying (Na and Mahoney, 2022, Lemma 5.2) and Assumption 3.4, we obtain

T—2
|Gl + | TT G| 161 = il
=0

IN

| Oy Gl £ 1 and [y < 1).

T—1

~ Ak 4||Bk: B*”Q T TS *
E[|ICk — CilI” | Fia] < == 5=——E[Q_ ISk4lllISt; 1 £ —5~ 1B — B>
H =0 H
Combining the above display to (E.42), we get
7_2 s 1/2
E[I1]] S —— 22 E[||By — B*|?]. (E.43)
TH

Combining (E.41) and (E.43) completes the proof.

E.3 Proof of Theorem 4.3

The weighted sample covariance matrix Z; can be decomposed as

t
= 1 1 T *\ (= T
o = — + - (Zy — ™) (24 — @
ot zzl Pi— 1 )( Z Pi—1 ! )( ‘ )
1 1 1~ 1
— = Ty —x”) - (@ — x*)(z; — )T, (E.44
P2 @ e Y e e (e e (B4
The next two lemmas show that 1 ZZ 1 (pl (x; — %) (x; — *)T converges to Z*, and the remaining

terms are negligible as &, converges to x* The proofs are in Appendices F.3.1 and E.3.2.
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Lemma E.6. Suppose Assumptions 3.1 — 3.4 hold, the number of sketches satisfies 7 > log(vg/4Y 1)/ log p
with p =1 — vg, and the stepsize parameters satisfy 3 € (0,1), x > 1.53, and cg, ¢, > 0. Then, we
have

1~ 1 VB + /B, B (0,05,
Ell= i — * ; — T =% :| 5 E.45
[Ht 2 Gy e ) {1/¢wt+xt/ﬂz-5, seosy, P
and
1 - * (12
t H:m — x| ] =0(1). (E.46)

0

Lemma E.7. Suppose Assumptions 3.1 —3.4 hold, the number of sketches satisfies 7 > log(vy /4T )/ log p

with p =1 — 75, and the stepsize parameters satisfy g € (0,1), x > 1.553, and cg, ¢, > 0. Then, we
have

oI5 Lo <15

||$t *HQ] < {Bt+X?/B?7 g € (0,0.5],
901 1 ~

l/tﬁt + X?/B?? B € (057 1)
By the decomposition (E.44), we follow the derivations in (E.25 ) and (E.26) and obtain

~ 1 1
El|E: — 7| H x; —x")(x; — " ] {H Ty — ") (T — TH]
1B~ =) {t e tm@mt )@ —)
1o 1~ 1
{Z El[jz; — *|?] {Z —E[[|: — 2*|?].
-1 ¥ im1 il

Plugging (E.50) and (E.51) in the proof of Lemma E.6 and (E.60) in the proof of Lemma E.7 into
the above display, we obtain

E[|Z: — =¥
cl/4 Cl/2 24
9,2 1/2 g 2 {x<28}
m(l—pf)m’”‘< o (11/2> V‘“iwa (v + ) B € (0,05),
Cyls cy? ) max(|A]| ”% ) ol
< _ 92 1/2 s rC H 9,2 {x=<28} ( Xf )
< § max (’YH(I_pT)max<Ce ’(1p7)1/2>7 ca(l—pr)3/2 VB + (1= o) B8 =0.5,
l 2 1/2
maX(HAHF, / /’YH) ) 1 i 09(2 1{X§ﬁ+0<5} ng _o ( 1 Xt ) ﬁ . (05 1)
(1—p )3/2 B vH(1—p7)3/2 |\ B} Vi T ' g

with constants Cg > 0 defined in (E.39) and Cs > 0 later defined in (E.58). This completes the proof.

E.3.1 Proof of Lemma E.6

Recalling the decomposition (E.21), we have proved the consistency of the dominant term % Zf;é iIl,iIf i
in Appendix E.2. The next two lemmas suggest that the terms involving {7 ;}; and {Z3;}; are higher

order errors, the proofs of which are deferred to Appendices E.3.3 and E.3.4.

Lemma E.8. Suppose the assumptions in Lemma E.6 hold, we have

[th D,

t—1
1 1
] n > (p,E[Hfz,z‘Hz] = O(X7/B}) - Lix<15p+05) +0(B) - Liy>1.58+0.5-

1=
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Lemma E.9. Suppose the assumptions in Lemma E.6 hold, we have

1 t—1 1 ;
[H Z IM } -t Z %E[”Iiiz” ] < B

With the above two lemmas, we separate the proof Lemma E.6 by two parts

Part 1: Proof of (E.45). By the decomposition (E.21), we follow (E.25) and (E.26) and have

—CC* CC‘—(IZ*T—E*
|:Ht (,011 )(Z )

150 _
IE[H § S s
tiz v

IR 1828
IEHf ~ 1,17 IEHf ST,
1= 1=

t—1

I?)T}
S SN ESELERENES JE A
tto \t

il (E.47)
1<r<s<3 Pt

I§
o

7

Given Lemmas E.2, E.8, and E.9, it is sufficient to establish the bound for + Ef é @1 E[|Z1:)?]. We
first bound the moment for ||@*||. Based on its definition (E.18), we have

0" = —(I — Co) B (G — VL) + (Ck — C) By, 'V Fy.
Furthermore, by ||Cy|| < 1, ||Ck|| < 1, and (

15), we get
k2] < 1 _ 2 1 2
110°1°] £ —<E[llge — VF|?] + 5E[|IVF|]
TH TH
1/2 1/2 9
< g’ E|||lzx — ZB*HQ] + g2’2 + —ZHE[H:Bk — a:*HQ] (by Assumptions 3.2 and 3.3)
it TH TH
1/2
S 7g2’2 (E[||zx — =*||*] = o(1) by Lemma 4.2). (E.48)
TH
Since 8% is a martingale difference sequence, we follow (E.40) and get
t—1 -
£ > B[l 12 Y [T - 0= el
n (p 12 t Sok
i=0 T" —0 Y k=01=k11
01/22 1 01/22
v E Z H (L= (=) S 5y (B49)
¢ k=0 l=k+1 (1= p7)

—0.5/(1—p7) by Lemma B.2

Combining the above display, Lemma E.2 ((E.31) in the proof), Lemma E.8 ((E.61) in the proof)
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and Lemma E.9 ((E.62) in the proof), and plugging them into (E.47), we get

|

1
9,2 1/2 C g 2 1{x<26}
ot (c§ - 1/2> Va0 (Ve ),

E[Hl zt: : (w; — 2*)(z; — %) — =*

A

max(||Allp, Cp/y

1/2
/WH) 1 n Cg,/g liy<ptosr X2 _ O( 1 Xt )
(- o) B - g O \VaE B )

where constants C > 0 is defined in (E.39) and Cs > 0 will be later defined in (E.58). Here, we also
use the observation that x?/3; = o(8;) when x > 23 and 3 € (0,0.5], and x?/8;7 = o(1/tB;) when
x> B +0.5and 8 € (0.5,1).

Part 2: Proof of (E.46). By the decomposition (E.21), we have

1 1 1/2

3 t—1
1 1 2
- ([l — || §§ f§ —E[|Zs . L E.51
t Soz—l | (2 H :| P t prd SO'L || ZH 7%[(1 _pT) ( )

where the last inequality follows from (E.49), and Lemmas E.8 and E.9. We complete the proof.

E.3.2 Proof of Lemma E.7
By (E.13), we decompose &; — x* as

tl t—1 t—1

1 1
T —x = ZI11+ ZIQz+ ZI«?)Z_ Tyt +Zot + I3y (E.52)
1=0

We expand Z; ; by plugging in (E.14) and exchange the indices. Then, we obtain

tltli

Tiy = ZZ H{I (I — C*)}pr0F = ZZ II {7 — @ - )}y,

zOk 0l=k+1 ka k l=k+1

Since 6 is a martingale difference sequence, the interaction terms in E[Hjl,t”Q] are vanished. Thus,

we have

t—1 A
1 *
B[, tQZ@zE[HZ IT (- atr - o]
i=k l=k+1
t—1 t—1 7

= tlzi (i wz))2w21€[!\0’“!\z] —: (#) (by Lemma B.5(d)).

k=0 i=kl= k+1
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We rewrite the above display by exchanging the indices, and obtain

1 12

t—1 t—1 t—1
(#) = %22 S5 I a=a=pen) TT == p)en)eEll10%)]

k=01i1=kis=kli=k1+1 lo=ko+1
t—1 t—1 21/N\i2 i1 i
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t—1 21 i1
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=2 @ll ‘Plz Pk )
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where the last inequality comes from the symmetry between the indices i; and i5. We plug in (E.48)
and get

1/2 t—1 1
E[IZ1.4]1] FIY [T a-0-me> I a0t
11=0122=0101=i9+1 k=01lo=k+1
Swig/(1=pT) by Lemma B.2
01/2 01/22 ]
T QZZ H 1-=(1-p )@ll)@iQSﬁ'g‘ (E.53)
71 i1=0i3=0 I =iz +1 T p
—1/(1—p7) by Lemma B.2
For the term Zy ¢, we plug in (E.15) and get
) [ i B
Ig’t = ;ZZ H {I — SOZ(I - C*)}(dk — gok)Awk
i=0 k=0 l=k+1
Furthermore, by Lemma B.5(d) and the fact that |ax — ¢x| < x/2, we know
1 t—1 1 %
E |22 SE[(tZZ T a-a-meulsed)’]
=0 k=0 Il=k+1
t—1 ¢ %
1 2
< (; Z (1= (1= p")e)xi\/E[|| Az ]) (by Holder’s inequality). (E.54)
i=0 k=0 l=k+1
Using [|Cy|| < 1 and (15), we bound E[||Az|?] as
A (2 A2 1 - 2 2 (Eég) 917/22
E[[|Azg[l”] <E[IT=Cel*I1B: 1 19x1%] S ,72( g = VEIFI+E[IVENT]) < o (E.55)
H H
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Consequently, we obtain

712 < 03/221{x<6+1} 1A 1 . Xk \ 2
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- 1
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i=0

Here, we use the fact that x > 8+1 > 28 = x:/8: = o(B). For the term Z3, (E.16) gives us the fol-
lowing expansion
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t—1 1 t—1
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1=0 k=0 =0 k=01=1+1

Similar to (E.54), by Holder’s inequality, we have
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i=0 k=0 I=k+1
Next, we bound the rate of E[||6%||?]. By the definition of 6% in (E.19) and " in (E.20), we have
1651 < 1Ck — C*1* |y, — a1+ 1(B*) P19 11* + 1B, IPI1(B™) " HI2 1 Be — B*IP IV Ei|?

27 1 T2
s

1By — B*|I* ||k — 2*[|* + —- - 4L
’YH T

T2
e, — &*||* + =L B, — B*||[|a. — 2.
H

<

The second inequality is due to 1) ||C—C*|| < 7'Tk19/2||B/1C — B*||/vr (Na and Mahoney, 2022, Lemma
5.2), the Y -Lipschitz continuity of VEF?(z), and (15). Thus, we take expectation and obtain
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where the last inequality follows from Lemma 4.2 (particularly (E.7) and (E.12) in the proof) and
the observation y > 1.58 = x#/8¢ = o(3?). We plug (E.58) into (E.57), apply Lemma B.2, and get

t—1 i ;
_ 1 2 2
BTl < (350 TT0 - = ew) ) llmo — 212 + s S 00 eos o)
i=0 k=0 i=0 k=0 l=k+1 )
=o(x}/B7+Bt) by (B.4) SBi/(1—p7) by (B.3)
(E.9)
< Co g2 (E.59)

(1= (- By

We recall the fact that 1 S
gether, and obtain

2 S1/B; in (E.36), combine (E.52), (E.53), (E.56), and (E.59) to-
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Here follows the same discussion as in (E.50). This completes the proof.

E.3.3 Proof of Lemma E.8

Based on the definition of 7y ; in (E.15), we apply Lemma B.5(d) and the fact that |a; — x| < xx/2,
then we have

2
E|Z24* <E (Z [Ta-a-» <Pl)”A$kH>

k=01=k+1

7 % - 9
< (Z H (1= (1= p")er)xk E[HACBkHQ]) (by Holder’s inequality)

k=0 l=k+1

59 Oy (1 X \ 2 Cyly X3

S o <Z H (1= =p")e)pr *) S ﬁ - =% (by Lemma B.2).
Vi k=0 I=k+1 Pk Vi P P

With the above display, we obtain
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=0

This completes the proof.
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E.3.4 Proof of Lemma E.9

Given the expression of Z3; in (E.16), we apply Lemma B.5(d) and have

] < H (1= (1 —=p")er)?xo — x*]|2 + (Z [JTa-a- P)T)Sol)(Pk||5kH)2

k=0Il=k+1
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k=0 k=01l=k+1

where the last inequality is due to Holder’s inequality. We plugging in (E.58), apply Lemma B.2,
and get
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/\

This completes the proof.

F Additional Experiment Results

F.1 Regression problems

We follow the experiment settings in Sectlon .1 and 5.2 and provide a comprehensive comparison of
three estimators: batch-means estimator =; based on ASGD, and plug-in estimator =, and weighted
sample covariance matrix =, based on (sketched) Newton method.

The empirical coverage rates of confidence intervals across varying d, r, and 7 are summarized in
Table 4-7. The results align with the observations from Section 5.1 and 5.2: confidence intervals
based on Z; achieve approximately 95% coverage in most cases, while those based on Z; often
fall below the target confidence level. The bias in = significantly impacts its performance in
statistical inference. Comparing the tables, we note that the coverage rate for Z; is lower in logistic
regression than in linear regression, whereas no significant difference is observed between the two
regression types for Newton methods. This suggests that Newton methods are generally more
robust. Additionally, the coverage rates for =, are lower for the Equi-correlation ¥, compared to
Topelitz ¥, indicating that the Equi-correlation 3, problem is more challenging. Despite this, the
performance of =, remains stable across all settings.

F.2 CUTEst problems

The experimental setup is described in Section 5.3. The trajectories of the limiting covariance
estimation error are presented in Figure 3. The results indicate that the estimation error of =
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Sketched Newton

Toeplitz ¥, | Dim ASGD T =00 7=10 T=20 T =40
g, = = = g E: h = =h
20 88.50 | 95.50 96.00 | 88.00 94.50 | 86.00 92.50 | 92.50 94.50
=04 40 89.00 | 96.00 96.50 | 92.50 96.50 | 90.50 94.50 | 90.00 94.50
60 89.50 | 95.00 95.00 | 84.50 92.50 | 88.50 94.00 | 88.50 95.50
100 | 91.50 | 100.0 100.0 | 89.00 94.00 | 90.50 95.50 | 91.50 95.00
20 90.00 | 96.00 96.50 | 89.50 95.50 | 94.00 97.00 | 90.50 96.00
= 0.5 40 88.50 | 94.50 94.50 | 94.00 97.00 | 89.00 96.00 | 90.00 96.50
60 91.00 | 96.00 96.00 | 91.00 97.00 | 85.00 97.00 | 87.00 93.50
100 | 90.50 | 100.0 100.0 | 92.50 97.50 | 86.50 94.50 | 88.50 93.50
20 88.50 | 89.50 90.00 | 90.50 96.50 | 92.50 94.50 | 91.50 95.00
=06 40 91.00 | 95.00 95.00 | 88.50 98.00 | 83.00 92.00 | 88.00 95.50
60 87.50 | 95.00 94.50 | 86.50 95.50 | 85.50 95.00 | 87.50 94.50
100 | 91.50 | 100.0 100.0 | 93.50 99.00 | 97.00 99.50 | 95.00 98.50

Table 4: The empirical coverage rate (%) for linear regression problems with Toeplitz matriz ¥,
(with various r) at confidence level 95%.

Sketched Newton

Equi-corr 3, | Dim ASGD T =00 T=10 T=20 T =40
Et Et gt gt gt ét Et Et Et
20 93.50 | 95.50 95.00 | 84.50 94.00 | 90.00 95.50 | 91.50 95.50
=01 40 89.00 | 98.00 97.00 | 76.50 94.50 | 79.50 94.00 | 83.50 95.50
60 87.00 | 93.00 93.00 | 73.00 94.50 | 76.50 94.50 | 76.50 94.50
100 | 91.50 | 100.0 100.0 | 67.50 95.50 | 71.50 97.00 | 68.50 91.00
20 91.50 | 96.00 96.50 | 82.50 94.50 | 84.00 96.00 | 89.50 96.00
=009 40 88.50 | 98.00 98.50 | 71.00 92.50 | 74.50 94.00 | 79.50 98.00
60 86.00 | 97.00 96.00 | 70.00 96.00 | 75.00 94.50 | 77.00 96.00
100 | 83.50 | 100.0 100.0 | 71.00 95.50 | 70.00 96.00 | 68.50 93.50
20 86.50 | 95.50 96.00 | 82.00 97.00 | 85.00 95.00 | 95.00 97.00
"= 0.3 40 90.50 | 98.50 98.00 | 75.00 95.50 | 74.00 94.50 | 75.00 94.00
60 90.50 | 93.00 93.50 | 77.50 98.00 | 76.50 95.00 | 80.50 97.50
100 | 87.50 | 100.0 100.0 | 83.00 97.00 | 74.00 94.50 | 73.50 92.50

Table 5: The empirical coverage rate (%) for linear regression problems with Equi-correlation matriz
Yo (with various r) at confidence level 95%.
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Sketched Newton

Toeplitz ¥, | Dim ASGD T =00 7=10 T=20 T =40
g, = = = g E: h = =h
20 81.00 | 94.50 94.00 | 92.00 96.50 | 95.00 95.50 | 95.50 97.50
=04 40 84.50 | 93.50 93.00 | 92.00 95.00 | 90.50 95.50 | 86.50 91.50
60 87.50 | 95.50 95.50 | 92.50 95.50 | 91.50 94.00 | 94.50 97.00
100 | 84.00 | 96.50 96.00 | 92.00 97.00 | 91.00 93.50 | 92.00 95.50
20 85.50 | 95.00 95.00 | 90.50 96.00 | 94.50 97.00 | 95.00 96.50
= 0.5 40 85.50 | 93.50 93.50 | 89.50 96.00 | 93.00 95.50 | 90.00 94.00
60 88.00 | 94.50 94.00 | 93.00 95.50 | 87.50 93.50 | 91.00 96.00
100 | 85.00 | 93.00 93.00 | 93.00 96.00 | 89.00 93.50 | 92.00 95.50
20 84.50 | 94.50 94.50 | 93.00 98.00 | 89.50 92.50 | 96.00 97.00
=06 40 87.50 | 95.00 95.00 | 90.50 94.00 | 91.00 95.00 | 91.00 95.50
60 92.00 | 94.50 95.00 | 86.50 93.50 | 89.00 93.00 | 93.50 96.00
100 | 83.50 | 97.50 97.50 | 86.00 92.00 | 87.00 92.00 | 89.00 94.00

Table 6: The empirical coverage rate (%) for logistic regression problems with Toeplitz matriz 3,
(with various r) at confidence level 95%.

Sketched Newton

Equi-corr 3, | Dim ASGD T =00 T=10 T=20 T =40
Et Et gt gt gt ét Et Et Et
20 89.00 | 93.50 93.50 | 88.50 95.50 | 92.50 95.00 | 95.00 95.00
=01 40 83.50 | 97.50 97.50 | 85.00 97.50 | 85.50 94.50 | 89.00 93.50
60 84.00 | 96.00 97.00 | 77.00 93.00 | 81.00 95.50 | 82.50 95.50
100 | 85.50 | 92.50 91.50 | 82.00 95.00 | 81.00 94.50 | 81.50 93.50
20 87.50 | 96.50 96.00 | 85.50 96.00 | 89.00 95.00 | 92.50 96.50
=009 40 86.00 | 96.00 95.00 | 81.50 92.50 | 86.50 97.00 | 94.50 95.50
60 85.00 | 93.50 93.50 | 79.00 94.00 | 80.00 97.50 | 79.00 95.50
100 | 76.00 | 96.50 96.00 | 74.00 92.50 | 77.00 92.50 | 73.00 94.50
20 90.50 | 93.00 93.50 | 85.50 93.00 | 87.50 93.50 | 95.00 96.50
"= 0.3 40 86.00 | 95.00 94.50 | 81.00 94.00 | 82.00 93.50 | 86.00 93.50
60 82.00 | 94.00 94.50 | 83.50 95.50 | 88.00 98.00 | 82.50 98.00
100 | 62.00 | 92.00 90.50 | 77.00 96.00 | 72.50 97.00 | 72.00 95.50

Table 7: The empirical coverage rate (%) for logistic regression problems with Equi-correlation
matrix X, (with various r) at confidence level 95%.
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decreases to small values across all settings, highlighting its effectiveness in constrained optimization.
While Z; demonstrates faster convergence, its error stabilizes at a constant value when bias is
significant.
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Figure 3: Covariance estimation error for CUTEst problems. FEach row represents a problem,
with the four figures in each row corresponding to different noise levels. Each figure displays the
estimation error trajectory for the plug-in estimator Z¢ (red line) and the weighted sample covariance
matriz Z; (green line).
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